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(Introduction) Ââåäåíèå (Literature) Ëèòåðàòóðà

Òîïîëîãî-ãåîìåòðè÷åñêàÿ òåîðèÿ ïîëåé è ÷àñòèö

Æóðàâëåâ Â.Ì. Ãåîìåòðèÿ, òîïîëîãèÿ è ôèçè÷åñêèå ïîëÿ (×àñòü I).
Ïðîñòðàíñòâî, âðåìÿ è ôóíäàìåíòàëüíûå âçàèìîäåéñòâèÿ, 2014, âûï. 4. Ñ.
6-24. http://www.st�.ru/ru/issues.htm

Æóðàâëåâ Â.Ì. Ãåîìåòðèÿ, òîïîëîãèÿ è ôèçè÷åñêèå ïîëÿ. (×àñòü II). Ìàññà
è ãðàâèòàöèÿ, 2014, âûï. 4. Ñ. 25-39. http://www.st�.ru/ru/issues.html

Æóðàâëåâ Â.Ì. Ãåîìåòðèÿ, òîïîëîãèÿ è ôèçè÷åñêèå ïîëÿ. (×àñòü III).
Óðàâíåíèÿ èíäóêöèè ôóíäàìåíòàëüíûõ ïîëåé, 2015, âûï. 3. Ñ. 44-60.
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(Geometrodynamics) Ãåîìåòðîäèíàìèêà

Òî÷êà çðåíèÿ Êëèèôôîðäà

"On the space theory of matter"(1870)

"ß ñ÷èòàþ:

1 1. ×òî ìàëûå ó÷àñòêè ïðîñòðàíñòâà äåéñòâèòåëüíî àíàëîãè÷íû íåáîëüøèì
õîëìàì íà ïîâåðõíîñòè, êîòîðàÿ â ñðåäíåì ÿâëÿåòñÿ ïëîñêîé, à èìåííî: òàì
íå ñïðàâåäëèâû îáû÷íûå çàêîíû ãåîìåòðèè

2 2. ×òî ýòî ñâîéñòâî èñêðèâëåííîñòè èëè äåôîðìàöèè íåïðåðûâíî ïåðåõîäèò
ñ îäíîãî ó÷àñòêà ïðîñòðàíñòâà íà äðóãîé íàïîäîáèå âîëíû.

3 3. ×òî òàêîå èçìåíåíèå êðèâèçíû ïðîñòðàíñòâà è åñòü òî, ÷òî ðåàëüíî
ïðîèñõîäèò â ÿâëåíèè, êîòîðîå ìû íàçûâàåì äâèæåíèåì ìàòåðèè, áóäü îíà
âåñîìàÿ èëè ýôèðíàÿ

4 4. ×òî â ôèçè÷åñêîì ìèðå íå ïðîèñõîäèò íè÷åãî, êðîìå òàêèõ èçìåíåíèé,
ïîä÷èíÿþùèõñÿ (âîçìîæíî) çàêîíó íåïðåðûâíîñòè

Ó. Êëèôôîðä"
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(Geometrodynamics) Ãåîìåòðîäèíàìèêà

Ðó÷êà Óèëåðà

Ðèñ.: 1. Ðó÷êà Óèëåðà è �çàðÿä áåç çàðÿäà�
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(Geometry) Ãåîìåòðèÿ ôèçè÷åñêîãî ïðîñòðàíñòâà

Ãåîìåòðèÿ âëîæåíèÿ â åâêëèäîâî ïðîñòðàíñòâî

Êàêîâà ãåîìåòðèÿ ïðîñòðàíñòâà?

Ôèçè÷åñêîå ïðîñòðàíñòâî ÿâëÿåòñÿ 3-õ
ìåðíîé ãèïåðïîâåðõíîñòüþ
(ìíîãîîáðàçèåì) â îáúåìëþùåì
åâêëèäîâîì ïðîñòðàíñòâå ÷åòûðåõ
èçìåðåíèé W4.
Ãåîìåòðèÿ ôèçè÷åñêîé ãèïåðïîâåðõíîñòè
çàäàåòñÿ ñ ïîìîùüþ ôóíêöèè âûñîòû:

u = F(x, t)

Ñîîòâåòñòâóþùàÿ ìåòðèêà çàäà¼òñÿ
ñîîòíîøåíèÿìè:

gαβ = δαβ +
∂F
∂xα

∂F
∂xβ

, α, β = 1, 2, 3.

Ðèñ.: 3. Ôèçè÷åñêàÿ ãèïåðïîâåðõíîñòü è
ôóíêöèÿ âûñîòû
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(Geometry) Ãåîìåòðèÿ ôèçè÷åñêîãî ïðîñòðàíñòâà

Ãåîìåòðè÷åñêèå ìàðêåðû

ea(−→x , t) - ãåîìåòðè÷åñêèå ìàðêåðû
Ïóñòü F - ôóíêöèÿ âûñîòû ôèçè÷åñêîé
ãèïåðïîâåðõíîñòè. Ñâÿæåì ïîëÿ
ea = ea(−→x , t) c F ñîîòíîøåíèåì:

F = ε|e(x)|2/2 + F0, (1)

ãäå F0 - çíà÷åíèå F â ìèíèìóìå ε = 1
(èëè ìàêñèìóìå ε = −1), êîòîðîå
ýêâèâàëåíòíî óðàâíåíèÿì:

∂F
∂xβ

=
ε

2

∂|e|2

∂xβ
= ε

∂ea

∂xβ
ea.

è, êàê ñëåäñòâèå, óðàâíåíèþ:

∂xα

∂e(a)

∂F
∂xα

= εe(a)

Ðèñ.: 5. Ôóíêöèÿ âûñîòû - êâàäðàò ðàññòîÿíèÿ
â ïðîñòðàíñòâå ìàðêåðîâ
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(Geometry) Ãåîìåòðèÿ ôèçè÷åñêîãî ïðîñòðàíñòâà

Ïðèíöèï Óèëåðà: òîïîëîãè÷åñêàÿ èíòåðïðåòàöèÿ

Ðèñ.: 6. Òîïîëîãè÷åñêàÿ èíòåðïðåòàöèÿ ïðèíöèïà Óèëåðà
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(Identities) Òîïîëîãè÷åñêèå òîæäåñòâà

Êîîðäèíàòíûå òîæäåñòâà

Òî÷å÷íûé çàðÿä â ïðîñòðàíñòâå ìàðêåðîâ

Ïóñòü e1, e2, e3 - ãåîìåòðè÷åñêèå ìàðêåðû. Òîãäà èìååò ìåñòî ôîðìàëüíîå
äèôôåðåíöèàëüíîå òîæäåñòâî:

∂

∂ea

(
ea

|−→e |3

)
= 4πδ(−→e ). (2)

Çäåñü δ(−→e ) = δ(e1)δ(e2)δ(e3) - δ-ôóíêöèÿ Äèðàêà.

Äèâåðãåíöèÿ ðàäèóñ-âåêòîðà â ïðîñòðàíñòâå ìàðêåðîâ

Èìååò ìåñòî âòîðîå ôîðìàëüíîå äèôôåðåíöèàëüíîå òîæäåñòâî:

∂

∂ea
ea = 3. (3)
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(Identities) Òîïîëîãè÷åñêèå òîæäåñòâà (Identities) Òîæäåñòâà â ôèçè÷åñêèõ êîîðäèíàòàõ

Ýëåêòðîäèíàìè÷åñêîå òîæäåñòâî

Òîæäåñòâî â ôèçè÷åñêîé ñèñòåìå êîîðäèíàò

Â ñëó÷àå, åñëè ea = ea(−→x ) - ôóíêöèè íîâîé ñèñòåìû êîîðäèíàò −→x = (x1, x2, x3),
òî òîæäåñòâî (??) â ýòîé ñèñòåìå êîîðäèíàò ïðèíèìàåò âèä:

1

|J|
∂

∂xα

(
|J| E

α

|−→e (x)|3

)
= 4πδ(e(x)) =

4π

|J|
∑
k

εkδ(−→x −−→x k). (4)

Çäåñü εk = ±1 - âåëè÷èíà çàðÿäà, xk - ðåøåíèÿ óðàâíåíèÿ:
|−→e (xk)|2 = 0, k = 1, 2, . . .,

J = det

(
∂ea

∂xα

)
, Eα =

∂xα

∂ea
ea.

J- ÿêîáèàí îòîáðàæåíèÿ êîîðäèíàò −→e → −→x .
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(Identities) Òîïîëîãè÷åñêèå òîæäåñòâà (Identities) Òîæäåñòâà â ôèçè÷åñêèõ êîîðäèíàòàõ

Ýëåêòðîäèíàìè÷åñêîå òîæäåñòâî

Óðàâíåíèå Ìàêñâåëëà

∂

∂xα

(
|J| E

α

|−→e (x)|3

)
= 4π

∑
k

εkδ(−→x −−→x k). (5)

Åñëè ïîëàãàòü:

−→
D = |J| E

α

|−→e (x)|3
,
(
J = det

(
∂ea

∂xα

)
, Eα =

∂xα

∂ea
ea.
)

è
ρe =

∑
k

εkδ(−→x −−→x k).

Óðàâíåíèå (5) ìîæíî ðàññìàòðèâàòü êàê ïåðâîå óðàâíåíèå Ìàêñâåëëà äëÿ
èíäóêöèè ýëåêòðè÷åñêîãî ïîëÿ ñîâîêóïíîñòè òî÷å÷íûõ çàðÿäîâ:

div
−→
D = 4πρe (6)
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(Identities) Òîïîëîãè÷åñêèå òîæäåñòâà (Identities) Òîæäåñòâà â ôèçè÷åñêèõ êîîðäèíàòàõ

Ãðàâèòàöèîííîå òîæäåñòâî

Óðàâíåíèå Ïóàññîíà

Â ôèçè÷åñêîé ñèñòåìå êîîðäèíàò (3) ïðèíèìàåò âèä:

1

|J|
∂

∂xα
(|J|Eα) = 3. (7)

Çäåñü, êàê è ðàíüøå:

J = det

(
∂ea

∂xα

)
, Eα =

∂xα

∂ea
ea.

Ýòî óðàâíåíèå ïðèâîäèòñÿ ê âèäó óðàâíåíèÿ Ïóàññîíà:

div−→g = 4πGρm. (8)

ãäå −→g = (4π/3)G|J|m0

−→
E - óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ , à âåëè÷èíà

ρm = m0|J| èãðàåò ðîëü ïëîòíîñòè ìàññû , m0 - ðàçìåðíûé ìíîæèòåëü ìàññû.
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(Identities) Òîïîëîãè÷åñêèå òîæäåñòâà (Identities) Òîæäåñòâà â ôèçè÷åñêèõ êîîðäèíàòàõ

Íàïàðÿæåííîñòü ôóíäàìåíòàëüíîãî ïîëÿ

Ôóíäàìåíòàëüíûå íàïðÿæåííîñòè

Ïîëÿ
−→
D =

1

R3

−→
G , −→g =

4π

3
Gm0

−→
G

áóäåì íàçûâàòü
íàïðÿæåííîñòÿìè ýëåêòðîìàãíèòíîãî è ãðàâèòàöèîííîãî ïîëåé.

Ïîëå
−→
G ñ êîìïîíåíòàìè:

Gα = |J|Eα = |J|∂x
α

∂ea
ea

áóäåì íàçûâàòü íàïðÿæåííîñòüþ ôóíäàìåíòàëüíîãî ïîëÿ .
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(Dynamics) Äèíàìèêà

Äèíàìèêà ïîëåé

Óðàâíåíèÿ èíäóêöèè ôóíäàìåíòàëüíîãî ïîëÿ
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(Dynamics) Äèíàìèêà (Dynamics) Äèíàìèêà ãåîìåòðè÷åñêèõ ìàðêåðîâ

Ïåðåíîñ ãåîìåòðè÷åñêèõ ìàðêåðîâ

Ñêîðîñòü ïåðåíîñà ìàðêåðîâ

Ñêîðîñòü ïåðåíîñà îïðåäåëÿåòñÿ ñîîòíîøåíèåì:

∂ea

∂t
+ Vβ

∂ea

∂xβ
= 0, a = 1, 2, 3. (9)

Ñêîðîñòü ïåðåíîñà îïðåäåëÿåòñÿ èç (9) îäíîçíà÷íî:

Vα = −
∂xβ

∂ea
∂ea

∂t
.

Èç (9) äëÿ ÿêîáèàíà |J| ñëåäóåò óðàâíåíèå:

∂

∂t
|J|+ ∂

∂xβ

(
Vβ |J|

)
= 0. (10)

- çàêîí ñîõðàíåíèÿ ïëîòíîñòè ìàðêåðîâ.
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(Dynamics) Äèíàìèêà (Field variations) Èçìåíåíèÿ ôóíäàìåíòàëüíûõ ïîëåé

Êàê ìåíÿþòñÿ íàïðÿæåííîñòè ñî âðåìåíåì?

Âû÷èñëèì ïðîèçâîäíóþ îò êîìïîíåíò íàïðÿæåííîñòè
−→
G , èñïîëüçóÿ ñêîðîñòü

ïåðåíîñà
−→
V:

∂Gα

∂t
=
∂|J|
∂t

∂xα

∂ea
ea + |J|∂x

α

∂ea
∂ea

∂t
+ |J|ea ∂

∂t

∂xα

∂ea
. (11)

Äèíàìèêà ôóíäàìåíòàëüíîé íàïðÿæåííîñòè

∂
−→
G
∂t

= −rot
(

[
−→
G ×

−→
V ]
)
− 3|J|

−→
V . (12)

Çäåñü ó÷èòûâàëîñü:

Vα = −∂x
α

∂ea
∂ea

∂t
,

∂|J|
∂t

+ div
(
|J|
−→
V
)

= 0.
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(Dynamics) Äèíàìèêà (Electromagnetics) Ýëåêòðîìàãíåòèçì

Óðàâíåíèå ýëåêòðîìàãíèòíîé èíäóêöèè

Èñïîëüçóÿ ñîîòíîøåíèå: −→
D = R−3

−→
G ,

íàõîäèì:

Óðàâíåíèå ýëåêòðîìàãíèòíîé èíäóêöèè

rot
(−→
H
)

=
∂
−→
D
∂t

+ 4π
N∑
k=1

εkδ(x− xk)
−→
V . (13)

Ýòî óðàâíåíèå â òî÷íîñòè ñîîòâåòñòâóåò óðàâíåíèþ ýëåêòðîìàãíèòíîé èíäóêöèè

äëÿ ýëåêòðè÷åñêîé èíäóêöèè
−→
D â ïðåäïîëîæåíèè, ÷òî:

−→
H = [

−→
V ×

−→
D ] +∇ΦH, ∆ΦH = −div

(
[
−→
V ×

−→
D ]
)
.

- íàïðÿæåííîñòü ìàãíèòíîãî ïîëÿ , ýëåêòðè÷åñêèé òîê:

−→
j =

N∑
k=1

εkδ(x− xk)
−→
V
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(Dynamics) Äèíàìèêà (Gravitation) Ãðàâèòàöèÿ

Óðàâíåíèå ãðàâèòàöèîííîé èíäóêöèè

Èñïîëüçóÿ ñîîòíîøåíèå:
−→g =

4πG

3
m0

−→
G , (14)

íàõîäèì:

Óðàâíåíèå ãðàâèòàöèîííîé èíäóêöèè

∂−→g
∂t

= −rot
(

[−→g ×
−→
V ]
)
− 4πGρ

−→
V . (15)

Íàïðÿæåííîñòü ãðàâèìàãíèòíîãî ïîëÿ :

−→
Z = −[−→g ×

−→
V ]

ïëîòíîñòü èìïóëüñà ïîòîêà:
−→
i = 4πGρ

−→
V

ñ ïëîòíîñòüþ ìàññû:
ρ = m0|J|
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(Moving integrals) Èíòåãðàëû è ãåîìåòðè÷åñêîå
óñðåäíåíèå

Äèíàìèêà ïîëåé

Èíòåãðàëû äâèæåíèÿ

è ãåîìåòðè÷åñêîå óñðåäíåíèå
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(Moving integrals) Èíòåãðàëû è ãåîìåòðè÷åñêîå
óñðåäíåíèå (Averaging dynamics) Äèíàìèêà â ñðåäíåì

Ãåîìåòðè÷åñêîå óñðåäíåíèå

Â ñèëó óðàâíåíèÿ:

∂|J|
∂t

+ div
(
|J|
−→
V
)

= 0

ïëîòíîñòü |J| ñîõðàíÿåòñÿ, ÷òî ïîçâîëÿåò ââåñòè ãåîìåòðè÷åñêîå óñðåäíåíèå.

Ãåîìåòðè÷åñêîå óñðåäíåíèå .

Ïóñòü Q(−→x , t) - ôóíêöèÿ êîîðäèíàò è âðåìåíè. Òîãäà

Q =
1

V0

∫
V0

Q(x, t)|J|dV, (16)

ãäå

V0 =

∫
V0

|J|dV. (17)

Çäåñü D0 - îáðàç îáëàñòè V0 â äåêàðòîâîé êàðòå êîîðäèíàò e, à |V0| - âåëè÷èíà îáúåìà
îáëàñòè D0, ñîîòâåòñòâóþùåé V0.
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(Moving integrals) Èíòåãðàëû è ãåîìåòðè÷åñêîå
óñðåäíåíèå (Averaging dynamics) Äèíàìèêà â ñðåäíåì

Ñðåäíèå êîîðäèíàòû, ñêîðîñòè, óñêîðåíèÿ

Â ÷àñòíîñòè, èìååì:

Xα = xα =
1

V0

∫
V0

xα|J|dV, (18)

Uα = uα =
1

V0

d

dt

∫
V0

xα|J|dV =

∫
V0

Vα|J|dV, (19)

Aα = aα =
1

V0

d2

dt2

∫
V0

xα|J|dV =

∫
V0

(
Vαt + VβVα,β

)
|J|dV. (20)

Èíòåãðàë áåðåòñÿ ïî îáúåìó, îãðàíè÷åííîìó èçïîâåðõíîñòüþ ôóíêöèè F ,
ïåðåíîñèìîé ïîëåì

−→
V.
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(Moving integrals) Èíòåãðàëû è ãåîìåòðè÷åñêîå
óñðåäíåíèå (Integrals) Èíòåãðàëû äâèæåíèÿ

Èíòåãðàëû äâèæåíèÿ è ãåîìåòðè÷åñêîå óñðåäíåíèå

Óòâåðæäåíèå:

Åñëè ôóíêöèÿ I(−→x , t) óäîâëåòâîðÿåò óðàâíåíèþ:

∂I

∂t
+ Vα

∂I

∂xα
= 0. (21)

òî ãåîìåòðè÷åñêîå ñðåäíåå çíà÷åíèå ýòîé ôóíêöèè:

< I >=
1

V0

∫
V

I(−→x , t)|J|dV

ÿâëÿåòñÿ ñîõðàíÿþùåéñÿ âåëè÷èíîé

d < I >

dt
=

1

V0

d

dt

∫
V

I(−→x , t)|J|dV =
1

V0

∫
V

(
∂I

∂t
+ Vα

∂I

∂xα

)
|J|dV = 0. (22)

Ñëåäñòâèå: Ëþáàÿ ôóíêöèÿ ìàðêåðîâ I = I(e1, e2, e3) ïîëåé ea(−→x , t) ÿâëÿåòñÿ

èíòåãðàëîì äâèæåíèÿ óñðåäíåííûõ óðàâíåíèé.
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(Moving integrals) Èíòåãðàëû è ãåîìåòðè÷åñêîå
óñðåäíåíèå (Integrals) Èíòåãðàëû äâèæåíèÿ

Óðàâíåíèÿ Íüþòîíà

Ãèäðîäèíàìè÷åñêîå òîæäåñòâî:

∂
−→
V

∂t
+Vβ

−→
V

∂xβ
=
∂
−→
V

∂t
+
1

2

−→
∇|
−→
V |2 − [

−→
V × rot

−→
V ]. (23)

−→
A (t) =

d
−→
V

dt
=

∫
V0

(∂−→V
∂t
− [
−→
V , rot

−→
V ] +

1

2
∇|
−→
V |2

)
J̃dV

Ïîëàãàÿ:
V = −γ0A +∇χ, (24)

íàõîäèì:

−→
A (t) =

1

V0

∫
V0

(
γ0
∂
−→
A

∂t
− γ0∇Φ + γ0[

−→
V , rot

−→
A ] +∇

(
1

2
|
−→
V |2 + γ0Φ + χt

))
|J|dV
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(Moving integrals) Èíòåãðàëû è ãåîìåòðè÷åñêîå
óñðåäíåíèå (Newtonian equations) Óðàâíåíèÿ Íüþòîíà

Óñðåäíåííûå óðàâíåíèÿ - óðàâíåíèÿ
Íüþòîíà!

Ôîðìàëüíîå ïðåäñòàâëåíèå ïîëÿ V
ïåðåíîñà ìàðêåðîâ:

Óðàâíåíèå Íüþòîíà ÷àñòèöû â ýì. ïîëå:

d

dt
V = cγ0E− γ0

[
V × B

]
−∇XU + Fq.

(25)
Çäåñü:

U = |V|2/2 + χt + γ0Φ,

B = rotA, E = −
(
∇Φ− c−1At

)
ñðåäíèå (ìàêðîñêîïè÷åñêèå) ïîëÿ, Fαq -
�êâàíòîâàÿ ïîïðàâêà�:

Fαq =

∫
Vi

γ0
[
V′ × B′

]α
J̃dV,

Ìèêðîñêîïè÷åñêèå ïîëÿ

Ôóíêöèÿ Φ, è âåêòîðíîå ïîëå A
èíòåðïðåòèðóþòñÿ êàê
ìèêðîñêîïè÷åñêèå ïîòåíöèàëû
ýëåêòðîìàãíèòíîãî ïîëÿ, òàê ÷òî:

E = −∇Φ− 1

c

∂A

∂t
, H = rotA.

- ìèêðîñêîïè÷åñêèå íàïðÿæåííîñòè
ýëåêòðîìàãíèòíîãî ïîëÿ.
Îñòàòî÷íûé ïîòåíöèàë

U(x, t) =
1

2
|V|2 + χt + γ0Φ, (26)

ïî ñìûñëó íîñèò íå
ýëåêòðîìàãíèòíûé õàðàêòåð!

Ìàññà ÷àñòèöû:

M =

∫
V

|J|dV = V0.
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(Mass and energy) Ìàññà è ýíåðãèÿ ïîëÿ

Ýíåðãèÿ è ìàññà

Ýíåðãèÿ è ìàññà
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(Mass and energy) Ìàññà è ýíåðãèÿ ïîëÿ (Energy) Ýíåðãèÿ

Èíòåãðàëû äâèæåíèÿ óñðåäíåííûõ óðàâíåíèé

Óòâåðæäåíèå:

Åñëè ôóíêöèÿ I(−→x , t) óäîâëåòâîðÿåò óðàâíåíèþ:

∂I

∂t
+ Vα

∂I

∂xα
= 0. (27)

òî ãåîìåòðè÷åñêîå ñðåäíåå çíà÷åíèå ýòîé ôóíêöèè:

< I >=

∫
V

I(−→x , t)J̃dV

ÿâëÿåòñÿ ñîõðàíÿþùåéñÿ âåëè÷èíîé

d < I >

dt
=

d

dt

∫
V

I(−→x , t)J̃dV =

∫
V

(
∂I

∂t
+ Vα

∂I

∂xα

)
dV = 0. (28)

Ñëåäñòâèå: Ëþáàÿ ôóíêöèÿ I(ea, e2, e3) ïîëåé ea(−→x , t) ÿâëÿåòñÿ èíòåãðàëîì
äâèæåíèÿ óñðåäíåííûõ óðàâíåíèé.
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(Mass and energy) Ìàññà è ýíåðãèÿ ïîëÿ (Energy) Ýíåðãèÿ

Ýíåðãèÿ ýëåêòðîìàãíèòíîãî ïîëÿ

Óòâåðæäåíèå:

Ïóñòü
−→
D - èíäóêöèÿ ôóíäàìåíòàëüíîãî ïîëÿ. Ðàññìîòðèì âåêòîðíûå ïîëÿ âèäà:

−→
E = f(F)

−→
∇F , (29)

ãäå F - ôóíäàìåíòàëüíûé ïîòåíöèàë.
Òîãäà âåëè÷èíà:

IE =

∫
V

(−→
D ,
−→
E
)
dV (30)

ÿâëÿåòñÿ èíòåãðàëîì äâèæåíèÿ óñðåäíåííûõ óðàâíåíèé.
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(Mass and energy) Ìàññà è ýíåðãèÿ ïîëÿ (Energy) Ýíåðãèÿ

Ýíåðãèÿ ýëåêòðîìàãíèòíîãî ïîëÿ

Äîêàçàòåëüñòâî

Ïîäñòàâëÿÿ
−→
E (29) â (31), èìååì:

IE =

∫
V

|J|
|R|3 f(F)γαβ∇αF∇βFdV =

∫
V

|J|
|R| f(F)dV.

Ïîñêîëüêó R =
√
2|F0 −F|, à F = F0 + ε

2

−→e 2, òî IE - èíòåãðàë äâèæåíèÿ.

Âåëè÷èíà:

IE =

∫
V

(−→
D ,
−→
E
)
dV (31)

ÿâëÿåòñÿ èíòåãðàëîì äâèæåíèÿ óñðåäíåííûõ óðàâíåíèé
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(Mass and energy) Ìàññà è ýíåðãèÿ ïîëÿ (Energy) Ýíåðãèÿ

Îò ýíåðãèè ê ìàññå

Âûáèðàÿ

−→
E =

−→
∇Φ = 4π

−→
∇R3/3,

ïîëó÷àåì ðàâåíñòâî:

W =
1

4π

∫
V

(−→
D ,
−→
E
)
dV =

∫
V

|J|dV.
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(Mass and energy) Ìàññà è ýíåðãèÿ ïîëÿ (Energy) Ýíåðãèÿ

Îò ýíåðãèè ê ìàññå

Ìàññà

Ýíåðãèÿ

W =
1

4π

∫
V

(−→
D ,
−→
E
)
dV =

∫
V

|J|dV.

ñ òî÷êè çðåíèÿ ÑÒÎ è ÎÒÎ ñîäåðæèò âñþ ìàññó ÷àñòèöû.

Ìàññà - ýòî îáúåì ïðîñòðàíñòâà ìàðêåðîâ, ñîîòâåòñòâóþùèé ÷àñòèöå

M =

∫
V

|J|dV.

Îòñþäà ñëåäóåò ñîîòíîøåíèå Ýéíøòåéíà (ïðè c = 1):

W = Mc2, (32)
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(Mass and energy) Ìàññà è ýíåðãèÿ ïîëÿ (Energy) Ýíåðãèÿ

Ãðàâèòàöèîííîå ïîëå

Ïîñëå òîãî, êàê îáîñíîâàíî èñïîëüçîâàíèÿ |J| â êà÷åñòâå ïëîòíîñòè ìàññû,
ïîÿâëÿåòñÿ îáîñíîâàíèå îïèñàíèÿ ïîëÿ (14):

−→g =
4πG

3
m0

−→
G

Çäåñü m0 - ìíîæèòåëü ðàçìåðíîñòè ìàññû. Â êà÷åñòâå íàïðÿæåííñòè
ãðàâèòàöèîííîãî ïîëÿ, êîòîðîå óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé:

Óðàâíåíèÿ ãðàâèòàöèîííîãî ïîëÿ

div−→g = 4πGρm,

∂−→g
∂t

= −rot
(

[−→g ×
−→
V ]
)
− 4πGρm

−→
V .

ãäå ρm - ïëîòíîñòü ìàññû:

ρm = m0|J|
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G-Average Ðàñøèðåííîå ãåîìåòðè÷åñêîå óñðåäíåíèå

Ãåîìåòðè÷åñêèå ïîïðàâêè

Ó÷åò íååâêëèäîâîé ãåîìåòðèè

ïðîñòðàíñòâà ìàðêåðîâ
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G-Average Ðàñøèðåííîå ãåîìåòðè÷åñêîå óñðåäíåíèå

Îáîáù¼ííîå óñðåäíåíèå

Ìàññîâàÿ ôóíêöèÿ

Óòâåðæäåíèå. Ãåîìåòðè÷åñêîå óñðåäíåíèå ñ ôóíêöèåé

J̃ = I(−→e )|J|,

ãäå I(−→e ) - ëþáîé èíòåãðàë äâèæåíèÿ, îáëàäàåò òåìè æå ñâîéñòâàìè, ÷òî è
èñõîäíîå ãåîìåòðè÷åñêîå óñðåäíåíèå. Â ÷àñòíîñòè, âûïîëíÿåòñÿ óðàâíåíèå
ñîõðàíåíèÿ

∂J̃

∂t
+

∂

∂xα

[
VαJ̃

]
= 0.

Êðîìå ýòîãî, ïëîòíîñòü ýíåðãèè ÷àñòèöû áóäåò îïðåäåëÿòüñÿ ñîîòíîøåíèåì:

ρm = J̃ = I(−→e )|J|.

Ôóíêöèþ I(−→e ) áóäåì íàçûâàòü ìàññ-ôàêòîðîì .
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G-Average Ðàñøèðåííîå ãåîìåòðè÷åñêîå óñðåäíåíèå

Âû÷èñëåíèå ìàññû ïðîñòîé ÿ÷åéêè

Âûáîð ìàññ-ôàêòîðà

Ïðåäïîëàãàÿ, ÷òî ìàññ-ôàêòîð èìååò ñëåäóþùèé âèä:

I(e) =
√
1 + R2/R2

0. (33)

Ïîëó÷àåì îáúåì ïðîñòðàíñòâà ïðîñòîé òîïîëîãè÷åñêîé ÿ÷åéêè:

V =
4

3
πR3

0 + R3
0(1 + 4πα), (34)

ãäå

α =

[
3

8

√
2 +

1

8
ln(
√
2− 1)− 1

3

]
− 1

4π
.

×èñëîâîå çíà÷åíèå α ðàâíî:

α =
1

137.9770423
= 0.007247582520.
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G-Average Ðàñøèðåííîå ãåîìåòðè÷åñêîå óñðåäíåíèå (Fine-structure constant) Ïîñòîÿííàÿ òîíêîé ñòðóêòóðû

Oáúåì ïðîñòðàíñòâà ìàðêåðîâ

Ïîñòîÿííàÿ òîíêîé ñòðóêòóðû

Íîðìèðîâî÷íûé êîýôôèöèåíò â
ïðîñòåéøåì ñëó÷àå åñòü îáúåì
ïàðàáîëîèäà â 4-õ ìåðíîì
ïðîñòðàíñòâå c øàðîì ðàäèóñà R0 â
îñíîâàíèè:

V = R3
0

[
4π

∫ √
1 + x2x2dx

]
=

= 4πR3
0

[
3

8

√
2 +

1

8
ln(
√
2− 1)

]
.

Åñëè îáîçíà÷èòü V0 = 4/3πR3
0, òîãäà:

V −V0

R3
0

= 1 + 4πα,

ãäå

α =
1

137.9770423
, α0 =

1

137.0359998

Ãåîìåòðè÷åñêàÿ èëëþñòðàöèÿ

Çíà÷åíèå α

α =

[
3

8

√
2 +

1

8
ln(
√
2− 1)− 1

3

]
− 1

4π

Ðèñ.: 8. Îòëè÷èå îáúåìîâ
èíòåãðèðîâàíèÿ
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G-Average Ðàñøèðåííîå ãåîìåòðè÷åñêîå óñðåäíåíèå (Fine-structure constant) Ïîñòîÿííàÿ òîíêîé ñòðóêòóðû

Ïðèìåð âû÷èñëåíèÿ ìàññû ïðîñòîé ÿ÷åéêè

Ìàññà ïðîñòîé ÿ÷åéêè

Â ðåçóëüòàòå ìàññó ïðîñòîé ÿ÷åéêè (âçÿòóþ ïî ìîäóëþ) ìîæíî çàïèñàòü â âèäå:

M = R3
0m0

[
4

3
π + (1 + 4πα)

]
.
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G-Average Ðàñøèðåííîå ãåîìåòðè÷åñêîå óñðåäíåíèå (Fine-structure constant) Ïîñòîÿííàÿ òîíêîé ñòðóêòóðû

Ìîìåíò èíåðöèè ïðîñòîé ÿ÷åéêè

Âíóòðåííåå âðàùåíèå ÿ÷åéêè

Ñôåðè÷åñêèå êîîðäèíàòû íà ïðîñòðàíñòâå ìàðêåðîâ:

e1 = RcosΦ sinΘ, e2 = RsinΦ sinΘ, e3 = RcosΘ.

Ïîëå ïåðåíîñà â ïðîñòðàíñòâå ìàðêåðîâ èìååò âèä:

∂−→e
∂t

=
Ṙ

R
−→e + [

−→
Ω ×−→e ],

ãäå
−→
Ω - âåêòîð óãëîâîé ñêîðîñòè:

−→
Ω =

(
− Ω2 sinΦ,Ω2 cosΦ,Ω1

)
.

Çäåñü Ω1 = Φ̇, Ω2 = Θ̇.
Îñåâîé ìîìåíò èíåðöèè äëÿ âðàùåíèÿ âîêðóã îñè e3 ñ ïîñòîÿííîé Ω1 èìååò âèä:

I33 =

2π∫
0

π∫
0

R0∫
0

(
(e1)2 + (e2)2

)√
1 + R2/R20R

2 sinΘdRdΦdΘ.
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G-Average Ðàñøèðåííîå ãåîìåòðè÷åñêîå óñðåäíåíèå (Fine-structure constant) Ïîñòîÿííàÿ òîíêîé ñòðóêòóðû

Ìîìåíò èíåðöèè ÿ÷åéêè

Âû÷èñëåíèå ìîìåíòà èíåðöèè

I33 = 2π

π∫
0

sin3 ΘdΘ

R0∫
0

√
1 + R2/R2

0R
4dR =

8π

3
R5
0

1∫
0

√
1 + x2x4dx.

Îáîçíà÷èì:

I
(0)
33 = 2π

π∫
0

sin3 ΘdΘ

R0∫
0

R4dR =
8π

3
R5
0

1∫
0

x4dx.

Ìîìåíò èíåðöèè ÿ÷åéêè

I33 =
8π

3
R5
0

(
(7/48)

√
(2)− (1/16) ln(

√
(2)− 1)

)
, I

(0)
33 =

8π

15
R5
0.
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G-Average Ðàñøèðåííîå ãåîìåòðè÷åñêîå óñðåäíåíèå (Fine-structure constant) Ïîñòîÿííàÿ òîíêîé ñòðóêòóðû

Ìîìåíò èíåðöèè ÿ÷åéêè

Îáîçíà÷èì:

V0 =
4π

3
R3
0, V1 = R3

0

[
4

3
π + (1 + 4πα)

]
Ïîïðàâêà ê ìîìåíòó èíåðöèè øàðà

αL =
1

2

(
I33
V1

− I
(0)
33

V0

)
= −19

√
2 + 33 ln(

√
2− 1))

90(3
√
2 + ln(

√
2− 1))

' − 1

136.5584965
.

Ïîïðàâêà ê ìîìåíòó èìïóëüñà ÿ÷åéêè

Ïóñòü L0 = 2Ω1M1R
2
0/5 ìîìåíò èìïóëüñà øàðà ñ ìàññîé M1 = V1m0, à L = Ω1I33

- ïîëíûé ìîìåíò èìïóëüñà. Òîãäà:

L− L0
L0

= −5αL.
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G-Average Ðàñøèðåííîå ãåîìåòðè÷åñêîå óñðåäíåíèå (Fine-structure constant) Ïîñòîÿííàÿ òîíêîé ñòðóêòóðû

Èñïðàâëåííûå óðàâíåíèÿ èíäóêöèè ãðàâèòàöèîííîãî ïîëÿ

Ñëåäóÿ ôîðìóëå èñïðàâëåííîé ïëîòíîñòè ìàññ:

ρD = I(R)|J| =
√
1 + R2/R2

0|J|,

ïîëó÷àåì èñïðàâëåííóþ ôîðìóëó äëÿ ïîëÿ íàïðÿæåííîñòè ãðàâèòàöèîííîãî
ïîëÿ:

−→g =
4πG

3
I(R)|J|

−→
E = ρD

4πG

3

−→
E .

Óðàâíåíèÿ ãðàâèòàöèîííîãî ïîëÿ

div−→g = 4πGD(R)ρD,

∂−→g
∂t

= −rot
(

[−→g ×
−→
V ]
)
− 4πGD(R)ρD

−→
V .

ãäå GD - ýôôåêòèâíûé ïàðàìåòð ãðàâèòàöèîííîãî ïîëÿ :

GD(R) = Gζ(R) = G
1

3

4R2/R2
0 + 3

1 + R2/R2
0

. (35)
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G-Average Ðàñøèðåííîå ãåîìåòðè÷åñêîå óñðåäíåíèå (Dark matter) Òåìíàÿ ìàòåðèÿ

Òåìíàÿ ìàòåðèÿ

GD(R) = G0
1

3

4R2/R2
0 + 3

1 + R2/R2
0

.

GD(R0) = 7/6G0 > G0

Ðèñ.: 9. Òåìíàÿ ìàòåðèÿ ≡ ýôôåêòèâíàÿ ãðàâèòàöèîííàÿ ïîñòîÿííàÿ
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(Conclusions) Ñëåäñòâèÿ

Îáùèå âûâîäû I

×àñòèöåé ÿâëÿåòñÿ òîïîëîãè÷åñêàÿ ÿ÷åéêà

×àñòèöà âñåãäà äîëæíà ðàññìàòðèâàòüñÿ êàê ýëåìåíò òîïîëîãè÷åñêîé ÿ÷åéêè,
êîòîðàÿ åå ñîäåðæèò. Ïîýòîìó åå äèíàìèêà îïðåäåëÿåòñÿ îáùåé ñòðóêòóðîé
òîïîëîãè÷ñêîé ÿ÷åéêè.

Óñðåäíåííûå óðàâíåíèÿ Íüþòîíà

Óñðåäíåííûå óðàâíåíèÿ Íüþòîíà ïðåäñòàâëþò ñîáîé óðàâíåíèÿ äëÿ äèñêðåòíûõ
êîìïîíåíò òîïîëîãè÷åñêèõ ÿ÷ååê è îïðåäåëÿþò äâèæåíèå âíóòðåííèõ êîìïîíåíò
îòíîñèòåëüíî, ñîäåðæàùèåé èõ ÿ÷åéêè.

Ìàññà - ãåîìåòðèÿ

Ìàññà ÷àñòèö îïðåäåëÿåòñÿ êàê ìíîæèòåëü â óðàâíåíèè Íüþòîíà äëÿ
îòíîñèòåëüíîãî äâèæåíèÿ ÿ÷åéêè âíóòðè ÿ÷åéêè ñèñòåìû îòñ÷åòà è ðàâíà
îáúåìó ÿ÷åéêè â ïðîñòðàíñòâå ìàðêåðîâ.
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(Conclusions) Ñëåäñòâèÿ

Îáùèå âûâîäû II

Îáùåå ãðàâèòàöèîííîå ïîëå

Ãðàâèòàöèîííîå ïîëå â äàííîé òåîðèè ÿâëÿåòñÿ ïî÷òè íüþòîíîâñêèì:

div(−→g ) = 4πGD(R)ρD,

íî ïåðåìåííîå ïîëå ñâÿçàíî ñ ãðàâèìàãíèòíûì ïîëåì
−→
Z óðàâíåíèåì èíäóêöèè:

∂−→g
∂t

= −rot
(

[−→g ×
−→
V ]
)
− 4πGD(R)ρD

−→
V

Ñâÿçü ñ ýëåêòðîìàãíèòíûì ïîëåì

Ãðàâèòàöèîííîå ïîëå ñâÿçàíî ñ ôóíäàìåíòàëüíûì ýëåêòðîìàãíèòíûì ïîëåì
ñîîòíîøåíèåì:

−→g =
4π

3
GR3I(R)

−→
D
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(Conclusions) Ñëåäñòâèÿ

Îáùèå âûâîäû III

Òåìíàÿ ìàòåðèÿ èëè ýôôåêò ñêðûòîé ìàññû

Ýôôåêò ñêðûòîé ìàññû ÿâëÿåòñÿ ñëåäñòâèåì êðèâèçíû ïðîñòðàíñòâà ìàðêåðîâ

è âûðàæàåòñÿ â òîì, ÷òî â óðàâíåíèÿ òÿãîòåíèÿ âõîäèò ýôôåêòèâíàÿ ïîñòîÿííàÿ
òÿãîòåíèÿ:

GD(R) = G0
1

3

4R2/R2
0 + 3

1 + R2/R2
0

.

Âíóòðè ÿ÷åéêè ýôôåêòèâíàÿ ãðàâèòàöèîííàÿ ïîñòîÿííàÿ ìåíÿåòñÿ â äèàïàçîíå
[1, 7/6]. Ìàññà ÷àñòèö âû÷èñëÿåòñÿ êàê îáúåì (íååâêëèäîâ) ÿ÷åéêè ïðîñòðàíñòâà
ìàðêåðîâ. Ïîïðàâêè êâàíòîâîé òåîðèè, ñâÿçàííûå ñ ïîëÿðèçàöèåé âàêóóìà, åñòü
ïîïðàâêè íà íååâêëèäîâîñòü ïðîñòðàíñòâà ìàðêåðîâ.
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(Conclusions) Ñëåäñòâèÿ

Ñïàñèáî çà âíèìàíèå!

Ñïàñèáî çà âíèìàíèå!
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