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: V : . \
onpeaeneHue agaet C. T. N\MX/‘IVIH B CBO
METO/bl B MaTeMATUYECKOM C])MBVIKe"(rMTT , M.-/1.,1950).

npﬂMbIe METOAbl LLMPOKO UCNO/1Ib3YHOTCA B NMPAKTUKE
MHXEHEPHbIX PAaC4€TOB, 3HAYUTE/IbHA PO/Ib 5TUX METOA0B U
B TEOPETUHECKUX NUCC/IEA40BAHUAX.

BO MHOrux c/1iy4asax KpaeByto 3aga4y A4
aAnddepeHLmaibHOro ypaBHEHUA MOXKHO 3aMeHUTb
PAaBHOCK/IbHOM 3aa4a4en 06 OTbICKAHUM PYHKUMK,
AOCTABAAOLLEN HEKOTOPOMY MHTErpasly HaumeHblLuee
3Ha4YeHue. 3a4a4M TaKOro TUMa Ha3bIBAKOTCA
BapUaLMOHHbIMKU, @ METOAbl, MO3BO/IAIOLLIME CBECTU 33434y
06 MHTerpmupoBaHmmn andpdepeHymabHOro ypaBHEHUA K
PaBHOCK/IbHOW BapM1aLMOHHOM 3a4a4€e, Ha3blBAKOTCA
BapUaLMOHHbIMWU METOAAMM.




/A peLy ajady B
ypaBHeHUEeM Jusiepa MOTYT NPUMEHSA
HenocpeACTBEHHbIe, MPAMbIe MeTOAbl, KOTOMXOAHT
npumeHeHue andbdpepeHymanbHbIX ypaBHEHUN; BaarogapA
YKa3aHHOW SKBMBA/IGHTHOCTU, 3TU METOAbl AB/IAOTCA
OAHOBPEMEHHO U MeTOAaMM peLleHnA KpaeBblX 3a4a4 A4/14
anddepeHumaibHbIX YpaBHEHUM. B OCHOBe 3TUX MeTOA,0B
NIeXUT UAeA NOCTPOUTb UCKOMYHO PYHKLMIO, AQIOLLLYIO
3KCTpeMyM PYHKLMOHANA, MPU NOMOLLLM HEKOTOPOTO
npeae/bHOro npouecca, UCxo4A HernocpeACcTBEHHO U3 BUAA
TOro MHTErpa/ia, 3KCTPeMyM KOTOPOro ULLLeTCA.

Hanbosiee nssBecCTHbIMU Cpeam TakMX MeToA0B AB/IAOTCA
meToabl PaneAa-Putya u bybHoBa-IasnepKuHa.

B HacToALLEN /IeKLMM Mbl TOKAXKeM UCMO0/Ib30BaHUE
CUCTeMbl CUMBO/IbHbIX BbluMC/1eHni Maple ana peaausaymm
MeTOA0B NPUB/INNKEHHOrO peLlleHna anddepeHLUaIbHbIX
YPaBHEHWIN, CBA3AHHbIX C BAPUALUOHHBIM UCHUC/I@HUEM.
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1. [lpocTenLlan BapuauMOHHaA 3a4a4a.

KOHEeYHO-pa3HOCTHbIM MeTo4 Du/iepa

OAHOMEPHOro MHTerpasna: HauTu q)yHKLl,mo y(x), A B :
(MM NpOCTO CTauMoHapHOoe 3Haqume) yHKu,MOHany i

JlyGol = [, F(x,y,y")dx,
rae F— 3agaHHan GyHKUMA TPeX apryMeHTOB, HeMpepbIBHAsA BMECTe ¢

MPOWM3BOAHBIMM BTOPOrO NOPAAKAa B HEKOTOPOM 06/1aCTU. 3HAYEHUA MCKOMOM
dyHKLMM y(X) HA KOHL,AX MPOMEXKYTKa MHTErPUPOBAHUA 3a4,aHbl:

y(@) = Y, y(b) = yp.
Byaem peluaTtb 3a4a4y O4AHUM U3 NMPAMbIX METOA,0B — KOHEYHO-PA3HOCTHbIM
MeTOAOM Sitnepa. 3Hauenns yHkumoHana J [y (x)] ctaHem paccmatpusarth He
Ha NPOM3BO/IbHBIX, AOMYCTUMBIX B 4aHHON BapUaLMOHHOM 334a4e KpUBbIX, a
/IMLb HA /IOMaHbIX, COCTaB/IEHHbIX U3 334aHHOr0 YMcaa N NPAMO/IMHEMHBIX
3BEHbeB, C 3a4aHHbIMU abCLMCCamMm BEPLLMH

a, a+h, a+2h, ...,a+(N — 1)h, a+Nh, h—ﬂ

Ha 3Tux 10MaHbiX GYHKLMOHA/ NPEBPALLAETCA B GYHKLMIO CD(Yl, Yo, .., Yn_1)
opanHat Yy, Y,, ..., Yy_1 BEpWwKUH 1OMaHON.
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TUMWUYHBIA METOA ANCKPETU3ALUN, KOTOPbIN
dyHrumoHana J [y (x)] Ha cymmy e

N-1
Y -Y
[y = FX,Y,k+1 k’
v=,  F(Hur )

3aBUCALLYHO OT KOHEYHOMO YMC/IA AUCKPETHbBIX 3HadYeHul Yy, = y(X}) uckomori
bYHKUMM B 3a4aHHbIX Y3/1aX X, = a+kh.

Mpumep 1. HaiTu akcTpemans yHKLMOHANA

Jl [(Z_z)z +y* ny] dx,y(0) = 0,y(1) = 0.
0

PeweHue. PeasiM3aumto HamMe4eHHOro a/iropmMTMa peLleHma NOCTaB/1eHHOM
334,341 BbIMO/IHUM B CUCTEME AHA/IMTUYECKUX BbluMC1eHu Maple:

> restart; interface(displayprecision=3):
ANnpoKCUMALMA NOAbIHTErpa/ibHOM GYHKLMM KOHEYHBIMU PA3HOCTAMM:
> F:=(Y, m, h)-> (Y[m+1]-Y[m]D*2/h 2+Y[m] 2+2*X[m]*Y[m] :
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> N :=10: h := (b-a)/N:
Bbiumncaaem abcumccbl BepLUMH 1I0MaHOoM
> for j from o to N do X[j] := h*j+a end do:
DYHKLMOHAN KaK GYHKLMA OPAMHAT BEPLUUH /IOMAHOM
Phi := S1(h, F, N):
YyeT rpaHUYHbIX YC/10BUM
>Y[0]:=0; Y[N]:=o0:
CocTaB/eHUe MUHUMU3UPYIOLLEN CUCTEMbI YPaBHEHUM
> for k to N-1 do eq[k] := evalf(diff(Phi, Y[k])) = 0 end do:
var :={}; eqns := {};
for k to N-1 do var := var union {Y[k]};
eqgns := eqgns union {eq[k]} end do:
Y4yeT rpaHUYHbIX YC/10BUN
>Y[0]:=0; Y[N]:=o0:



:=[seq(P[k-1], k=1..

[TocTpoeHue rpadurKa peLueHusn
> plot(L, x = 0 .. 1, title = cat("Yucsno y3a108 N = ", convert(N, string)),

titlefont = ["ROMAN", 15], legend = 'meTog 3iinepa’,

font = [Courier, roman, 14], labelfont = [Helvetica, roman, 14], gridlines =

true);
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y() ==

y := unapply(rhs(%), x):

e

e

—e e l—p

— X

= m

ode union {y(0) = 0, y(1) = 0}: dsolve(problem, y(x));
—X X

[MocTpouM rpaduku NpMBAUKEHHOIO M TOYHOIO peLleHUI

> plot([L, ()}, x= 0.1,

title = cat("Ymcno yznoe N = ",
convert(N, string)),

titlefont = ["ROMAN", 15],
legend = ["meT04 Jtinepa",
"TouHoe pelieHne"],

style = [point, line],
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labelfont = [Helvetica, roman, 14], gridlines = true);
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2. [lpocTeniian BapuaumMoHHaA 3a4a4a.

MeTog Putua

LA
e |

MHUMU3UPYIOLLLEN NOC/1e40BaTe/IbHOCTMU.
MycTb dyHKUMA u(P) y40B/NeTBOPAET B HEKOTOPOIt 06/1acTH
HeogHOpOoAHOMY ypaBHeHUto Au = f (P), M HEKOTOPbIM OAHOPOAHbBIM
FPAHUYHbIM YC/10BUAM. Mbl 3HaeM, YTO peLleHue 3TOro YpaBHEHuA, rae
A — NO/10XKUTE/IbHbIN ONepaTop, CBOAUTCA K HAXOXKAEHUIO MUHUMYMA
byHKUMOHa A

Flu(P)] = (Au,u) — 2(u, f) = [, [u(P)Au(P) — 2u(P)f (P)]d2 (1)

DTy NOC/1IeAHIO0 3a4a4y 6yaem npmub/MKeHHO peLlaTb C/1eAYHOLWLUM
obpasom. Boibepem nocnegoBaTeIbHOCTb PYHKLUM

(pl(P): (pZ(P)r"'r(pn(P)r'--; (2)

NpuHagaexawmx 061actn onpegeneHna onepatopa A. lNogunMHum 3Tu
OYHKUMM ABYM YCI0BUAM: 1) MOC/1€40BATE/IbHOCTb MO/IHA MO SHEPTUU ; 2)
ansa noboro n dyHrumm @4 (P), @, (P),..., ¢, (P) "MHEeNHO He3aBUCUMBbI.
DTN QYHKLUUM HA3bIBAOT KOOPOUHAMHBLIMU, UNU BA3UCHBIMU QYHKLUAMM.

9



—

Flu,] = Z ijl(Afpk»QDj)akaj — 2 Yk=1(@r, ak. (4)

k=1
Bbibepem Ko3pdUUMEHTBI Ay TAK, YTOObI YHKUMA (4) NPUHANQ MUHUMA/IbHOE
3HayeHune. Heobxoaumble yC/10BUA MUHUMYMaA GYHKUUK (4), KaK M3BECTHO,
Takue:
OF [uy]
da;
OTMETUM, YTO UCMO/b3YA NMO/I0KUTE/ILHOCTL OnepaTopa A, MOXKHO A0Ka3aTh,
4TO KO3PDUUUEHTBI Ay, YA0BAETBOPAOLWME cucTeme (5), peasM3ytoT MUHUMYM
Be/IMYMHbI F [u,]. Boinuwem AaBHO cuctemy (5)

k=14, o )a, = (@i, ), i=12,...,n. (6)

=0,i=12,..,n (5)
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n )
ypaBHeHuA Au = f (P) no Putuy.

* CnpaBeg/MBa Teopema: npub/iuxceHHble peweHus no Pumuy obpasyrom
MUHUMU3UPYHWYH nociedosame/sibHOCMb 018 pyHKyuoHasa (1), ecau
MO/1bKO 3MO ypdB8HEHUE uMeem peweHuUe ¢ KoHe4YHouU sHepzuell.

CnepoBaTtesibHO, NPUB/IMMKYHHbBIE peLleHUA No PUTLY CXOA4ATCA MO SHEPrUM K
TOYHOMY peLueHnto. OHM CXOAATCA K TOYHOMY peLleHUIo U B cpegHem, ec/in A
— MO/10’KUTE/IbHO OrnpeaeYHHbIN ornepaTop.

Mpumep 2. [inA cpaBHeHMA pelunm meToa0M PuUTua 3agady 13 npumepa 1.
> restart;
To4yHoe pelueHue
> y:=x->exp(-x)/(exp(-1)-exp(1))-exp(x)/(exp(-1)-exp(1))-x;
Boibrpaem 6a3ucHble GyHKUMM 1 onpegensaem annpoOKCUMUPYIOLLYH GYHKLUIO
> phio:=x->y1+(y2-y1)*(x-x1)/(x2-x1):
11



3agaemMca YUC/IOM annpOKCUMUPYIOLLUX GYHKLUIA U
> N:=3: cO:="cross: ct:=circle’: c2:="box: c3:="diamond™:

y:="y’s Fi=diff(y(x),x)2+y(x)M2+2%*x*y(x):

forjfromoto N do

a:=array(0..j): u:=Up(x,j): end do:

Fu:=simplify(int(subs(y(x)=u,F),x=x1..x2)):
> with(Optimization): Minimize(Fu);

|—0.02030, [ap = 0.14907, a; = 0.14926,a, = 0.00660,a; = 0.00809]|

> assign(%[2]):
AnA cpaBHEHUA M306pa3uM Ha OAHOM PUCYHKE TOYHOE 1 NPUBANKEHHOE
peLleHns
>pUp_3:=plot(Up(x,3),x=x1..x2,color=blue,style=point,numpoints=1,symbol=c3,

legend="MeTog Putua N = 3°): plots[display]({pUp_3,pr1});
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-005 /

l °*  Memod Puomya N = 3

dopmyna npubANKEHHOrO peLLeHUA
Up(x,3);

TouHoe pewer e |

x(x — 1)(0.14907 + 0.14925x + 0.00660x2 + 0.00809x3)

Kak BuaAuM, 34eCb pe3y/ibTaT Ay4lle, YemM B NpMmMepe 1 — /iyyllee COOTBETCTBUE
TOYHOMY peLUEHMIO NPU MeHbLuem Yucae N.
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3. 3aga4a Aupux/se B NpAMOYro/ibHUKE.
MeToga bybHoBa-a/1epKKnHa

6eCKOHEYHYO NOC/1e40BaTe/IbHOCTb KOOPAMHATHBIX Cl)yHKLI,VIM 2), KOTOpble
A,0CTAaTOYHOE YMC/10 pa3 (B COOTBETCTBUM C AAaHHBIMU 334,a4M ) HEMPEPbIBHO
andbepeHLMpyemMbl B 3aMKHYTOM 06/1acTn Q = Q+S, rae S — rpaHuya o61actu
Q. Byaem cunTaTth, YTO 3TN PYHKLMM YA4,0BAETBOPAIOT BCEM KPAEBbIM YC/10BUAM
3aga4u. bygem cunTaTb TaKKe, YTO Kak ypaBHeHue Au = f (P), Tak U KpaeBble
yC10BUA — IMHenHble. CocTaBUM PyHKLMIO (3), rAe a; — NPOM3BO/IbHbIE YMC/A.
3Ta GyHKLMA YyA40B/NETBOPAET BCEM KPaeBblM YC/10BUAM 3a4a4u. [logcTaBum
Tenepb (3) B ypaBHeHUe Au = f (P); NONy4YMM HEBA3KY B BbIMO/IHEHWUU YPaBHEHUS

- f(P) =0. (7)
Mo metoay BybHOBa-lanepkMHa KO3IPOULMEHTBI A ONpeAenArnTCA U3
TpeboBaHuWA, YTOObI 1eBasA YacTb (7) OGbl1a OPTOroHasIbHa GYHKLMAM
@, (P), p,(P),...,p,(P).Takum obpasom, meTog bBybHOBa-la/1epKUHa
MPUBOAMUT K CUCTEME /IMHENHbIX a/irebpanyeckmx ypaBHeHun (6), no Buay
TOXAECTBEHHOW CUCTEME, K KOTOPOU NPMBOAUT MeTo4 Putua.
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aCCMOTPUM C/1eAyHoLLLYHO 3a4a4y Anpux
TpebyeTca HalTn GyHKUMIO U (X, y), YA40B/1E€TBOPAIOLLY to MyaccoHa
— Au = f(x,y) B npAMOYro/ibHuKe n ycioButo | = 0 Ha rpaHuLe 3Toro
NPAMOYrO/IbHUKA — TFPaHUYHOMY YC/10BUIO NEPBOro poAa. JTa 3a4a4a
BCTPEYAETCA BO MHOMMX MPU/IOXKEHUAX MaTeMaTUYeCKOoM PU3NKU. B MexaHuKe
*KMAKOCTM M ra3a OHa OMUCbIBaeT CTALMOHAPHOE TeYEHME BASKOMU KUAKOCTU B
KaHa/ie C nornepeyHbiM cedeHremM B Gopme NpAMOYro/IbHUKa; B
3/1IEKTPOCTAaTMKE — MOTEHLMA/ 3/1eKTPOCTAaTUYECKOrO M0/A; B TEOPUU
TEN/10NMPOBOAHOCTU — CTALlMOHAPHOE pacrnpese/ieHne TeMnepaTypsbl; B
CTaTUKe YNpYyrux Te/1 — paBHOBECKE NPAMOYro/IbHOM MeMBpaHbl, KpyydeHue
CTEPKHA C MonepeyHbIM ceYeHrnem B popme NpsMoyro/ibHMKa U MHOTME
Apyrue npoLecchl.

Mpumep 3. PaccMOTpUM MO e/1bHYH0 33434y O CTAaLMOHAPHOM TeYEHMU BA3KOM
*KMAKOCTU B KaHa/le C nornepeyHbiM cevyeHrem B popme KBagpaTa.
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HUIO 3TOM 334a4M B CUCTEME :
> restart; e
> interface(displayprecision = 5):
YpaBHeHUe [lyaccoHa onpege/Mm Kak:
> pde:=diff(u(x,y),x$2)+diff(u(x,y),y$2)+1;

[oaroToBMM NpoLeaypy, peanusyroLyto aAroputm metoga bybHosa-
[[anepKuHa:

> Bubnov_Gal:=proc(pde,n,a,bol::boolean) local egns,vars,sol,i;
eqns:={}; vars:={}; forifrom1tondo
egns:=eqgns union {int(eval(pde)*phi(i,x,y),[ x=-1..1,y=-1..1])};
vars:=vars union {a[i]}; end do; if bol then print(eval(egns));
print(eval(vars)); end if; sol:=solve(eqgns,vars);
if bol then print(sol); end if;
assign(sol):
end proc:
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3agaeM KO/IMYECTBO Y/1IEHOB B anmnpoKCUMMaL M1 1 B
> N:=2:

> eq:=value(subs(u(x,y)=W(x,y,N),pde)):

> Bubnov_Gal(eq,N,a,true);

131072 2048 256 2048 256 16
{_ 33075 22 T 525 M T 5 T B2 T s R +?}
{al'az}
37 _ 105
{al ~ Toa’%2 T _@}

BblYMC/IMM CKOPOCTb HAa OCK KaHa/ia 1 6e3pa3smepHbii pacxos (pacxog,
onpegenseTca Kak MHTerpasa oT GyHKLUM CKOPOCTU Mo 06/1aCTU CeYeHusn )

> value(W(x,y,N));evalf(W(o,0,N));
0.29267
> Int(Int(u(x,y),x=-1..1),y=-1..1)=evalf(Int(Int(W(x,y,N),x=-1..1),y=-1..1));
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1
1(0,0) = 0.2947, j [*, uCx,y)dxdy = 05623
-1

C NOMOLLLbIO C/1eAYHOLWMX KOMaHA M306pa3mMM HECKO/IbKO U30/1IMHUM (purc. 1)
>W_b:=value(W(x,y,N)):
myskyblue := ColorTools:-Color([0.8, 0.9, 1.]):
pic3:=implicitplot([W_b=0.01,W _b=0.1,W_b=0.2,W b=0.25],
X=-1..1,y=-1..1,grid=[50,50],color=khaki,
font=["Helvetica",14],labelfont=["Courier",14]),
polygonplot(ngon,font=["Helvetica",14],color=myskyblue):
pict:=textplot({[0., 1.1, "u = 0.01"],
[0.,0.9,"u=0.1"],[0.,0.7,"u=0.2"],
[0., 0.5,"u=0.25"]}):
display([pic3,pict],axes=frame);
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X
Puc. 1. U30AMHUU CKOpPOCTH. Puc. 2. pagneHT BeKTOPHOro no/s.

M306pasmm rpaduk rpagmeHTa BeKTOpHOro noas (puc. 2)
> plots[gradplot](W_b,x=-1..1,y=-1..1,
grid=[10,10],style=PATCHNOGRID,arrows=SLIM,
color=blue,axes=BOXED,symbolsize=14,
font=[ Times,roman,14],labelfont=[Helvetica,roman,14]);
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4. KOHpopmHOe oTobparkeHne. Metog Putua

\

anpau,mm TeOpUM 3/1EKTPUYECKUX U MarHUTHBIX I
Ter/ionepeaaqu, Teopun ynpyroctu. MHorue CTaLI,MO t
MaTeMaTu4eCKOU GU3MKK CBOAATCA K peLleHMIO MPOCTEeNLLEro U3 ypaBHEHUN
3/IMNTUYECKOro TUNa — ypaBHeHuA /lansnaca. MckomaAa pyHKLUMA, peLlaroLLas
NOCTaB/EHHYIO Npobaemy, onpegensaetcAa 061acTbio, B KOTOPOM OHA ULLETCA, U
FPaHUYHBIMU YC/ZI0BUAMM, KOTOPbIE A0/13KHbl ObITb BbINMO/IHEHbI HA KOHTYPE 3TOM
obnacTu. A NnpocTbix 06/1aCTeN TakUX, Kak Kpyr, MPAMOYrO/IbHUK, KpYyroBoe
KO/IbL,O U T. M., 334343 MOXET ObITb CpaBHUTE/IbHO NPOCTO peLleHa npu
OTHOCUTE/IbHO C/I0XKHbIX FPAHUYHBIX YC/10BUAX. EC/n ke 061acTb umeeT
C/I0XKHOE CTPOEeHUe, TO peLleHne 3a4a4M HenoCcpeaCTBEHHO A4 3ToM 06/1acTn
npeACTaBAAeTCA 3aTPYAHUTE/IbHBIM AdxKe A1 TAaKOM NPOCTOM 3a4,a4M, Kak,
Hanpumep, 3aga4a Aupuxne.

OAMH 13 NOAXOAO0B K PELLEeHUIO TaKoM 334341 — MOMbITaTbCA NpeABapUTe/IbHO
npeobpa3oBaTh 3agaHHY0 00/1aCTb K NpocTenwemy Buay. Npu Takom
npeobpa3oBaHum bygeT MeHATbCA, BOOOL e roBopA, 061acTb, 419 KOTOPOU
MLLLETCA peLLeHne, rpaHUYHble YC/10BUA, U AnddepeHLmnaibHoe YpaBHEHME,
KOTOPOMY A0/1XKHA YA,0B/1I€TBOPATb MCKOMAA PYHKLMA.
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MPOCTOM C/ay4ae, Korga ogHa us obaact
HernpeoaoAumble 3aTpyaHEHUA. [T03TOMY BbI3bIBAIOT
NPpUB/INKEHHOro NOCTPOeHnA oTobpaxaroLLen GyHKUMKU. Kak npaBu/o,
MbITAKOTCA ANMPOKCUMMPOBATb MCKOMYHO QYHKLMIO IMHEMHOM KOMBUHaLMeN
XOPOLLO U3YyYeHHbIX PYHKUMN. [TPOCTENLLMMU U HACTO UCNO/Ib3yEMbIMU
bYHKUMAMM ABAAKOTCA MHOIO4Y/1€Hbl. M3BE€CTHO, YTO BCErga MOXKHO NOCTPOUTD
MHOTrOY/1EH, KaK YrogHO Ma/i0 OT/IM4aromiica oT GyHKuUmm (B 110601
BHYTpPEHHeW YacTn 06/1acTn), oTtobparkatowelt 061actb Ha Kpyr. Kpome Toro,
eC/IM rpaHunua 061acTu NpoOCTaA KpMBas, TO MOXHO MOCTPOUTb MHOIOY/IEH,
OT/IMHAKOLLMICA OT OTODpaxKatowen GyHKLMN KaK yrogHO Masio BCHOAY B
06/1aCTH, BK/IOYAA 1 rpaHuLy. M3BeCTHO, YTO cpeaun GyHKLUMK,
OCYLLLEeCTB/AKLWMX KOHPOPMHOE NnpeobpasoBaHUe 3a4aHHOM O4HOCBA3HOM
OAHO/INMCTHOM 06/1aCcTu D Ha HEKOTOPYIO APYryto 0641acTb, PyHKLMUA,
OoTOOpakaroLLasa Ha Kpyr, 06/1a4aeT SKCTPeMa/IbHbIMU CBOMCTBAMM: 1)
CBOMCTBOM MMHMMYMa N/10Waam npy npeobpasoBaHuu 06/1acTu Ha Kpyr, 2)
CBOMCTBOM MUHUMYMaA A4/1MHbl KOHTYpa Npu Nnpeobpa3oBaHmm 06/1aCTH Ha Kpyr.
YKa3aHHble CBOMCTBA MOXHO UCMO0/1b30BaTb MPU NOCTPOEHUM BaPUALMOHHOIO
mMeToga NnpubanKeHHOro KoHPOpMHOro peobpasoBaHmna 061acTU Ha KpYr.
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4.1. CBOMCTBO MUHUMYMa NA0LWLaamu npy npeobpasoBaHUM
06/1aCTU Ha Kpyr.

06/1aCcTh Ha Kpyr. [pun 3TOM NnoTpebyem, 4TObbl 3a4aHHaA BHYTPEHHAA TOYKa
061acTu (Bcerga MOXKHO CHMTATb 3TY TOUYKY Ha4a/10M KOOPAMHAT) Nepexoamaa
B LEeHTP Kpyra. [loTpebyem TakKe, 4TObbl onpegesieHHOe HanpaB/ieHWe B 3TOM
TOYKe, MPUHMMAEMOe 3a MO/I0XKUTE/IbHOE HanpaB/lIeHUe BeLLeCTBEHHOM OCH,
COBMagaso O6bl C NO/I0KUTE/IbHBbIM HarpaB/lIeHWEM BeLLLeCTBEHHOM OCH
npeobpasoBaHHOM 06/1acTU. O4eBUAHO, 3TU YC/I0BUA PABHOCU/IbHDI
TpeboBaHUAM:

f(0) =0,f'(0) =a, >0.

MOHO CYMTaTb, YTO a; = 1; A/1A 3TOr0 AOCTATOYHO PaCCMOTPETb PYHKLMIO
f(z)/aq, KoTOpana ByaeT TaK ke gaBaTb 0TOH6parkeHue D Ha KpYr, HO TO/IbKO
MOXeT ObITb A4PYroro pagmnyca, YTo He CyLecTBeHHO. [losaTomy byaem
npegnoaaraTb:

f(0)=0,f(0) =1 (8)
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MO CPAaBHEHUIO CO BCeMU APYrMMU QYHKLUAMMU, KO
TpeboBaHuam (8). PyHKuMoHan (9) onpegensaeT naouagb NpeobpasoBaHHOM
06/1acTn. N3-3a TpyAHOCTEN, BO3HUKAIOLLMX NPU peasin3aumm g4aHHOro MeToaa,
MO/IHOLEHHO MCMO/1b30BaTb €ro CTa/10 BO3MOHbIM /IULLb C NOAB/IEHUEM CUCTEM
CMMBO/IbHbIX BblYMC/IEHUM TaKMX, KaK Maple nan Mathematica.

4.2 CBOMCTBO MUHMMYMaA A/1MHbl KOHTYpa Npu npeobpa3oBaHum
06./1acTn Ha Kpyr

PaccmoTpuM BCEBO3MOKHble KOHGOPMHbIE Npeobpa3oBaHua 061acTu D,
coBepLiaemMble Npu NOMOLLM aHA/IMTUYECKUX B 061acTu D dpyHKumMM { = f (2),
Y/A,0B/ETBOPAIOLLMX YC10BMAM (8). BapuaLMOHHYHO 33434y MOXKHO
cpopmyanpoBaTh TaK: cpeaun GYHKLMM, aHaMTUYECKMX B 061acTn D
YA0B/€TBOPAOWMX YC10BUAM (8), HalUTU Ty, KOTOpas A3aeT MUHUMYM
byHKUMOHany
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ANA peleHna 3a4a4mM MUHUMKU3aUMU QYHKLMOHA/N0
MCMNo/1b30BaTb MeToy Putua. [pu BblYMC1E€HUAX MO MeTo4y Putua 3a4acTyio
NOAY4alOTCA MN/1I0X0 06YC/10B/IEHHbIE CUCTEMbI ypaBHEHUN. [TpnbAnKeHHOe
pelleHme TaKMX CUCTEeM U3BECTHbIMU MeTOAAMU MPUBOAUT K 60/1bLUUM
MNOrpeLHOCTAM, YTO AenaeT pe3y/1bTaT BbluncaeHmin 6ecnonesHoim. OgHaKo
NPUMeHeHMne CUCTEM CMMBO/IbHbIX BblYMC/I€HUIM NO3BO/IAET 3OPEKTUBHO
MCNO/Ib30BaTb MeTOA, YCTPAHUTb Npo6/1eMbl, CBA3aHHbIE C N/1I0X0M
00yC/10B/IEHHOCTbLIO CUCTEM, U MOAYYNUTb A0CTATOYHO TOYHOE peLleHMe 3a4a4MK.
Cpeamn TakuUx CUCTEM CMMBO/IbHbBIX BbIYMC/IEHUM CTOUT OTMETUTb ABe Hanboiee
MOLLHble cucTembl — 3TO Maple n Mathematica.

3amMeTuMm, YTO UCMO/1b3ys CBOMCTBO MMHUMYMa N/10L,aAM NPU OTOOpakeHuu
006/13aCTM Ha KPYr, MOXHO MCKATb He HernocpeacTBeHHO dyHKUMIO f (2), a ee
npou3BoAHYyto f'(2), TaK Kak nog, 3Hak uHterpasa (9) eyHkumsa f (z) He BXoAUT, U
no HalgeHHoM npousBogHoM f'(z) BoccTaHOBUTb GyHKUMIO f (z) no popmye
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THocuTenbHo |f'(2)], a K Be/MYnHe

¢ (z), obpalLatomecs B eAUHMLY B Ha4a/le KOOPAUHAT. yaem
MCKaTb Ty, KOTOPasA gaeT HaMMeHbLLee 3HaYeHne GYHKLMOHANY
= [ le@ds = | o) p()ds (1)

Ec/M yaacTcsa HanMTH pelleHmne BapmaLMOHHOM 3a4a4m Aas GyHKLMoHaAa (11), TO
bYHKUMA coBepLUAtoLL,Aasa UCKOMOe 0TObparkeHue, onpeaenmnTcsa no popmyse

I = fochz(z)dz.
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5. [Ipymepbl NOCTPOEHUA KOHPOPMHbIX
oTobpaxKeHun

* 3agava 1. [pMbnKeHHO NOCTPOUTb KOHPOPMHOE OTODpaXkeHMe 3aaunca ¢
NOAYOCAMM d = 3, b = 2; HA4a/10 KOOPAMHAT — B TOYKE NepeceyeHns ocemn
annunca (puc. 3).

Bce BbluMC/1eHMA BbiNoAHAEM B Maple. lNogkatodaem Heob6xoaMMble MakeTbl.
> with(VectorCalculus): with(Optimization):

AN5 HarnsAHOCTU MOYKHO M306pasmnTb 0Tobparkaemyto 06aacTb (puc. 3); B
AAHHOM C/1y4ae 3To — 3//1unc. Habupaem KomaHay:

> plot([3*cos(t),2*sin(t),t=0..2*Pi],color=blue,
scaling=constrained,gridlines=true);

[Tocne HaxkaTuA KaasuK «Enter» Ha 3KpaHe MOHUTOPa NOABUTCA
n3obparkeHue sanunca (puc. 3).
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3agaem cTeneHb No/IMHOMA h U BbiparkeHus a4 f'(z2) u f'(z) — nepemeHHble P u

Puc. 3. 2aaunc.
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P1, BblUMC/IAieM NOAbIHTErpa/ibHY GYHKUMIO B PyHKLMOHANe (9) —

nepemeHHas Q.
>N :=4:

P := 1+sum((a[i]+I*b[i])*(x+I*y)N,i=1.. n):
P1:= 1+sum((a[i]-I*b[i])*(x-1*y)Ni,i=1..n):

Q := expand(P*P1):
Bbliuncasem dyHKumoHan (11)

> J:=int(Q, [x, y] = Ellipse((1/9)*x"2+(1/4)*y"2-1)):

MuHUMU3NpYeM QYHKLMOHA:
> res := Minimize(J):

27



res:= [16.787,[a; = 0.,a; =

a, =0.438¢e —2,b;, =0.,b; =0.,b; = 0., b1_0]]
[asiee Hag,0 NPUCBOUTDL BblYMC/IEHHbIE 3HaYeHMA Ko3dPuumeHTam a; u b;; 310
OCYLLeCTB/IAETCA KOMaHAAMM
> op(2, res): assign(%):
Takum obpasom, HargeHa Npou3BoAHaA oTobpakatowen dpyHkumm f'(z) —
0603Ha4yum ee p1:
> p1:=1+sum((a[i]+I*b[i])*zN,i=1.. n);
pl:=1+ (—0.0985 + 0.1)z% + (—0.00438 + 0.1)z*
BoccTaHaB/MBaem oTo6parkatoLyto GyHKUUIO
>p:=int(p1,z=0..2)
p:=z—0.0328z3 + 0.000875z°>
AnA nocaeayroLero UCno/1b3oBaHuA y406HO npeobpaszoBaTb NO/yYeHHOe
Bblpa*keHue B PyHKLUUIO

> p := unapply(p, z):
M QYHKLUUIO — OTODOpaxKeHune Ha egUHUYHBIN KPpYr
>w := unapply(p(z)/abs(p(3)), 2):
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> z1:= 3*cos(t)+(2*1)*sin(t):

pic1 := plot([evalc(Re(w(z1))), evalc(Im(w(z1))), t=0..2
pic2 := plot([cos(t), sin(t), t = 0 .. 2*Pi], color = blue):
plots[display]({pic1, pic2})

0.5 1

Ha pucyHKe ro/nybbimM LBETOM NOKa3aH TOYHbIM €4MHUYHBIN KPYr, KPAaCHbIM
LBETOM — NPUB/NNKEHUE K HEMY.
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/MKeHue K Kpyry. MoXHO oLeH
> assume(t, real):
absw1 := abs(expand(w(z1))):

Maximize(abs(absw1-1), {0 <=t, t <= 2*Pi});
|0.18152e — 2, [t = 1.02918]]
[lorpeLwHoCTb B 4aHHOM C/1ydae CoCTaB/aAeT He 6o/1ee, 4em € = 0.002.
CnepyeT OTMETUTb, HTO TOYHOCTb U TPYA0EMKOCTb peLleHMA 334341 3aBUCUT OT
XapaKTepa otobparkaemon 06aactu. Tak ana oTobpakeHMA Ha e AUHUYHbBIN

KPYr 3/1/1mnca ¢ 60/1bLLUMM 3KCLLEHTPUCUTETOM, HAaNpUMep, C MO/NYOCAMU a =

V15
4,b = 1 v akCcUeHTpUCUTETOM ) = 4 ~ 0.968 npuxoamTCA NCNo/b30BaTb

KOMTM/IEKCHbIA MHOrO4/1eH 60/1ee BbICOKOM cTeneHu. Pe3yabTaTt pelueHus
3a/a4M Npu CTeNneHM MHOroY/1eHa N = 15 AaeT NOrpeLLIHOCTb He 60/1ee vyeM € =
0.02, T.€. Ha MOPAAOK XY*Ke, YeM B npeablayLuem c/yyae.

B 3akAt04eHMe npuBegem npoueaypy NnoCTPOEHUA KOMM/IEKCHOMO NO/IMHOMA,
OCYLLLeCTB/IAOLLLEr0 KOHPOPMHOE OTObpaXKeHMe Tpeyro/ibHMKA Ha Kpyr U
MCNO/b3YHOLLLYIO CBOMCTBO MMHUMYMA A/IMHbI KOHTYpPa:
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P::1+sum((A[i]+I*B[i])*(x+l*y)’\m

P1:=1+sum((A[i]-1*B[i])*(x-I*y)Ni,i=1..n);
Q:=expand(P*P1);
J1:=PathInt(Q,[x, y]=Line(A1,B1));
J2:=PathInt(Q,[x,y]=Line(B1,C1));
J3:=PathInt(Q,[x, y]=Line(C1,A1));
J:=J1+J2+4J3;res:=Minimize(J);op(2,res);assign(%);
P:=subs(x+I*y=z,P);
p:=simplify(int(P*2,z=0..2));
p:=unapply(p,z);w:=unapply(p(z)/abs(p(A1[1]+I*A1[2])),z)
end proc:
C MOMOLLbIO 3TOV NpoLLeAypbl TOCTPOUM OTODPaKeHWe BbITAHYTOrO
TPEyro/IbHUKa Ha KpYr.
3a4aem BepLUMHbI TPEYrO/IbHUKA:
> X1:=-1; X2 1= 1: X3 1= 0: y1:=-2:y2 1= 31 y3 = -2
A1 := ‘<> (x1, y1): B1:=‘<,>(x2, y2): C1:= ‘<,>(x3, y3):
M306pasum 3TOT TPEYrO/IbHMK C MOMOLLbIO KOMaHAb!:
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Pewaem 3agauy:
—~—

> Digits:=100: ConformPolTriangl(60,A1,B1,C1):

Hu»Ke Ha pMCYHKaX NMoKasaH pe3y/IbTaT pelleHna 3a4a4m

3-.

054

08 -06 -04 02 0 02 04 06 08

PaccMOTpeHHble npumepbl NPUO/IMKEHHOTO MOCTPOEHUA KOHDOPMHbIX
oTobparkeHnn 0baacTen Ha Kpyr e4MHMYHOrO paanyca NoKasbiBatoT

3P PEeKTUBHOCTb NPUMEHEHMA BapUALMOHHOIO MeTOAA B COBOKYMHOCTMU C
CUCTEMOM aHA/IMTUYECKMX BblHMCAEeHUIM Maple K pelleHuUIO YKa3aHHbIX 3a4ad.
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