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нимальной связью скалярного поля со скаляром Риччи и скаляром Гаусс-Бонне.

Ключевые слова: ключевые слова ключевые слова.

THE EXACT SOLUTIONS CONSTRUCTION IN COSMOLOGY BASED ON
HORNDESKI GRAVITY

Fomin I.V.𝑎,1

𝑎 Bauman Moscow State Technical University, 105005, Moscow, Russia

The method of generating the exact cosmological solutions for the Horndeski gravity from ones for Einstein

gravity is proposed in this work. These solutions are generalized in the sense of matching the some gravity theories

which are General Relativity, scalar-tensor gravity, Einstein-Gauss-Bonnet gravity and generalized scalar-tensor

gravity involving the coupling of a scalar field with Ricci scalar and with Gauss-Bonnet scalar as well.

Keywords: inflation, modified gravity theories, exact solutions.

PACS: 04.50.Kd, 04.20.Jb

DOI: 10.17238/issn2226-8812.2018.2.59-67

Introduction

The inflationary paradigm implying the accelerated expansion of the early universe is often

considered as a successful explanation for the origin of it’s structure. The first models of cosmological

inflation were built on the basis of General Relativity (GR) in 4D Friedmann-Robertson-Walker (FRW)

space-time under the assumption of the existence of some scalar field (inflaton) which is the source of

the accelerated expansion of the universe [1–4].

Also, for a more correct understanding of the nature of processes at the stage of inflation, the

exact solutions of cosmological dynamic equations were considered (see, for example, [5]). The exact

cosmological solutions were obtained for a large number of inflationary models based on GR. The

classification of the methods for generating them (and the exact solutions themselves) for inflation in

frame of Einstein gravity can be found, for example, in [5, 6].

Nevertheless, after the discovery of the repeated accelerated expansion of the universe at the

present time, cosmological models with various modifications of Einstein gravity were proposed for
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its explanation or, in other words, to explain the nature of dark energy which include, among others,

scalar-tensor gravity theories and Einstein-Gauss-Bonnet gravity [7–9].

Scalar-tensor gravity with non-minimal coupling of a scalar field with curvature are important

extensions of GR which can explain the initial inflationary evolution, as well as the late accelerating

expansion of the universe [10, 11]. The examples of inflationary models on the basis of scalar-tensor

gravity (STG) theories with the exact solutions can be found in [10–12] and in many other works as

well. Furthermore, the transformations of the dynamical equations from models based on STG to ones

in frame of GR are presented in [13].

For the very early universe approaching the Planck scale one can consider Einstein gravity with

some corrections as the effective theory of the quantum gravity. The effective supergravity action from

superstrings induces correction terms of higher order in the curvature, which may play a significant role

in the early Universe. The one of such correction is the Gauss-Bonnet (GB) term in the low-energy

effective action of the heterotic strings [14]. Also, the GB term arises in the second order of the Lovelock

gravity which is the generalization of the Einstein gravity [15].

The exact solutions for cosmological models on the basis of Einstein-Gauss-Bonnet gravity with non-

minimal coupling of a scalar field with GB-scalar in 4D Friedmann universe were considered in [13,16–18].

The connection of such cosmological models with the standard inflation based on GR one can find in

[13,17,18], also.

The method for constructing the exact solutions for cosmological models in Friedmann universe

that contain GR, STG and EGB as the special cases of the Horndeski gravity is proposed in this paper.

Such a connection is parametrized by means of constant parameters 𝛼𝐺𝐵 and 𝛽𝑆𝑇 whose choice will

determine the type of gravity on the exact solutions of the cosmological dynamic equations.

1. Inflation with the Horndeski gravity in Friedmann universe

The most general single-field Lagrangian giving rise to second-order dynamical equations was

proposed by Horndeski [19] on the basis of the action

𝑆 =

∫︁
𝑑4𝑥

√
−𝑔(𝐿2 + 𝐿3 + 𝐿4 + 𝐿5) (1)

with the following Lagrangians

𝐿2 = 𝐾(𝜑,𝑋), 𝐿3 = −𝐺3(𝜑,𝑋)�𝜑, (2)

𝐿4 = 𝐺4(𝜑,𝑋)𝑅+𝐺4,𝑋

[︀
(�𝜑)2 − (∇𝜇∇𝜈𝜑)(∇𝜇∇𝜈𝜑)

]︀
, (3)

𝐿5 = 𝐺5(𝜑,𝑋)𝐺𝜇𝜈∇𝜇∇𝜈𝜑− 1

6
𝐺5,𝑋 [(�𝜑)3 − 3(�𝜑)(∇𝜇∇𝜈𝜑)(∇𝜇∇𝜈𝜑) +

2(∇𝜇∇𝛼𝜑)(∇𝛼∇𝛽𝜑)(∇𝛽∇𝜇𝜑)], (4)

where 𝑋 = −∇𝜇𝜑∇𝜇𝜑/2, �𝜑 = ∇𝜇∇𝜇𝜑; also, 𝐾, 𝐺3, 𝐺4, 𝐺5 are the some functions of 𝜑 and 𝑋;

𝐺𝑗,𝑋(𝜑,𝑋) = 𝜕𝐺𝑗(𝜑,𝑋)/𝜕𝑋 with 𝑗 = 4, 5 [20, 21].

Thus, the different types of gravity can be defined from the action (1) for different functions 𝐾,

𝐺3, 𝐺4, 𝐺5. For generating the exact cosmological solutions with Horndeski gravity one can find the

constants of motion from the Noether symmetry [22] that gives some exactly solvable classes of models

for certain functions 𝐾, 𝐺3, 𝐺4, 𝐺5.

Nevertheless, it is possible to consider the generalized exact cosmological solutions on the basis of

some types of well known gravity theories which are unified by the Horndeski gravity. The generalization

of the exact solutions lies in the fact that they are suitable for cosmological models with General

Relativity, scalar-tensor gravity and Einstein-Gauss-Bonnet gravity as well.

We will investigate the models on the basis of the following choice of the functions 𝐾, 𝐺3, 𝐺4, 𝐺5
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for the Horndeski gravity [21,23,24]

𝐾 (𝜑,𝑋) = 𝜔𝑋 − 𝑉 (𝜑)− 4𝜉′′′′𝜑 𝑋2 (3− ln𝑋) , (5)

𝐺3 (𝜑,𝑋) = −2𝜉′′′𝜑 𝑋 (7− 3 ln𝑋) , (6)

𝐺4 (𝜑,𝑋) =
1

2
𝐹 (𝜑)− 2𝜉′′𝜑𝑋 (2− ln𝑋) , (7)

𝐺5 (𝜑,𝑋) = 2𝜉′𝜑 ln𝑋, (8)

to unify some types of gravity theories, namely General Relativity (GR), scalar-tensor gravity (STG)

and Einstein-Gauss-Bonnet (EGB) gravity.

The equations of cosmological dynamics at the stage of inflation in spatially flat 4D Friedmann

universe in the system of units 8𝜋𝐺 = 𝑐 = 1

𝑑𝑠2 = −𝑑𝑡2 + 𝑎2(𝑡)
(︀
𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2

)︀
, (9)

similar to those obtained from the action

𝑆 =

∫︁
𝑑4𝑥

√
−𝑔
[︂
1

2
𝐹 (𝜑)𝑅− 1

2
𝜔(𝜑)𝑔𝜇𝜈𝜕𝜇𝜑𝜕𝜈𝜑− 𝑉 (𝜑)− 1

2
𝜉(𝜑)𝑅2

𝐺𝐵

]︂
, (10)

where 𝑅2
𝐺𝐵 = 𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎 − 4𝑅𝜇𝜈𝑅
𝜇𝜈 +𝑅2 is the Gauss-Bonnet scalar, can be written as [21,25]

𝐸1 ≡ 3𝐹𝐻2 + 3𝐻𝐹̇ − 𝜔

2
𝜑̇2 − 𝑉 (𝜑)− 12𝐻3𝜉 = 0, (11)

𝐸2 ≡ 3𝐹𝐻2 + 2𝐻𝐹̇ + 2𝐹𝐻̇ + 𝐹 +
𝜔

2
𝜑̇2 − 𝑉 (𝜑)− 8𝐻3𝜉 − 8𝐻𝐻̇𝜉 − 4𝐻2𝜉 = 0, (12)

𝐸3 ≡ 𝜔𝜑+ 3𝜔𝐻𝜑̇+
1

2
𝜑̇2𝜔′

𝜑 + 𝑉 ′
𝜑 − 6𝐻2𝐹 ′

𝜑 − 3𝐻̇𝐹 ′
𝜑 + 12𝐻4𝜉′𝜑 + 12𝐻2𝐻̇𝜉′𝜑 = 0. (13)

Moreover, for equations (11)–(13) one has the additional condition [25]

𝜑̇𝐸3 + 𝐸̇1 + 3𝐻(𝐸1 − 𝐸2) = 0. (14)

Taking it into account we conclude that two equations from (11)–(13) are independent only.

Thus, one can obtain the following particular cases of cosmological models with the Horndeski

gravity:

∙ 𝐹 = 1, 𝜔 = 1, 𝜉 = 0 – the case of General Relativity;

∙ 𝐹 = 𝐹 (𝜑), 𝜉 = 0, 𝜔 = 𝜔(𝜑) – scalar-tensor gravity;

∙ 𝐹 = 1, 𝜔 = 1, 𝜉 = 𝜉(𝜑) – Einstein-Gauss-Bonnet gravity;

∙ 𝐹 = 𝐹 (𝜑), 𝜔 = 𝜔(𝜑), 𝜉 = 𝜉(𝜑) – generalized scalar-tensor gravity, which includes the nonminimal

coupling of a scalar field with Ricci scalar and with Gauss-Bonnet scalar.

Now, we consider the possibility of the transformation of the equations (11)–(12) to the ones similar

to cosmological dynamic equations for Einstein gravity

𝑉𝐸(𝜑) = 3𝐻2 + 𝐻̇, (15)

𝜑̇2 = −2𝐻̇. (16)

Also, the equations (15)–(16) can be rewritten in terms of a scalar field [26,27]

𝑉𝐸(𝜑) = 3𝐻2 − 2𝐻 ′2
𝜑 , (17)

𝜑̇ = −2𝐻 ′
𝜑, (18)

in frame of the Ivanov-Salopek-Bond method with the exact solutions based on the choice of 𝐻(𝜑).

To transform the equations (11)–(12) to the equations similar to (15)–(16) one can use the special

choice of a functions 𝐹 , 𝜔 and 𝜉 which were considered earlier for scalar-tensor gravity and Einstein-

Gauss-Bonnet gravity separately [13]

𝜉 ≡ −
(︁𝛼𝐺𝐵

2

)︁ 𝑎

𝐻2
, 𝐹 (𝑡) ≡ 1− 𝛽𝑆𝑇

𝑎2(𝑡)
, 𝜔(𝑡) ≡ 1− 𝛽𝑆𝑇

(︂
3𝐻2

𝐻̇𝑎2

)︂
, (19)
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where 𝛼𝐺𝐵 and 𝛽𝑆𝑇 are coupling constants of a scalar field with Gauss-Bonnet and Ricci scalars.

After substitution (19) into equations 𝐸1 + 𝐸2 = 0 and 𝐸1 − 𝐸2 = 0 we obtain

𝑉 (𝜑) = 3𝐻2 + 𝐻̇ + 6𝑎̇𝛼𝐺𝐵 = 𝑉𝐸(𝜑) + 𝑉𝐺𝐵(𝜑), (20)

𝜑̇2 = −2𝐻̇, (21)

where 𝑉𝐺𝐵 = 6𝑎̇𝛼𝐺𝐵 is the additional term in the potential which arises due to the nonminimal coupling

of a field with Gauss-Bonnet scalar. Also, the function 𝐹 from (19) does not change the potential, i.e.

𝑉𝑆𝑇𝐺 = 𝑉𝐸 , moreover, one has the same Hubble parameter 𝐻 and the scalar field 𝜑 for all considered

types of gravity.

Furthermore, one can redefine the functions 𝐹 , 𝜔 and 𝜉 in terms of a scalar field on the basis of

the expressions

𝐻̇ = −2𝐻 ′2
𝜑 , 𝑎̇ = 𝑎𝐻, (22)

𝑎(𝜑) = 𝑎0 exp

(︃
−1

2

∫︁
𝐻

𝐻 ′
𝜑

𝑑𝜑

)︃
. (23)

As the result, we have

𝜉′𝜑 =
𝛼𝐺𝐵𝑎0
4𝐻2𝐻 ′

𝜑

exp

(︃
−1

2

∫︁
𝐻

𝐻 ′
𝜑

𝑑𝜑

)︃
, (24)

𝐹 (𝜑) = 1− 𝛽𝑆𝑇
𝑎20

exp

(︃∫︁
𝐻

𝐻 ′
𝜑

𝑑𝜑

)︃
, (25)

𝜔(𝜑) = 1 +
3𝛽𝑆𝑇
2𝑎20

(︃
𝐻

𝐻 ′
𝜑

)︃2

exp

(︃∫︁
𝐻

𝐻 ′
𝜑

𝑑𝜑

)︃
, (26)

with corresponding potential and scalar field

𝑉 (𝜑) = 3𝐻2 − 2𝐻 ′2
𝜑 + 6𝑎0𝛼𝐺𝐵𝐻 exp

(︃
−1

2

∫︁
𝐻

𝐻 ′
𝜑

𝑑𝜑

)︃
, (27)

𝜑̇ = −2𝐻 ′
𝜑. (28)

Thus, this approach generalizes two methods for generating the exact solutions of cosmological

dynamic equations which are usually used for the case of GR, namely the method of fine tuning of the

potential [5, 28] and the Ivanov-Salopek-Bond method [5, 26,27].

2. The examples of generalized exact solutions

The solutions from GR power-law inflation

For power-law inflation with the Hubble parameter𝐻 = 𝑚/𝑡 we obtain the following exact solutions

for the case of GR from equations (15)–(16)

𝜑(𝑡) =
√
2𝑚 ln 𝑡, (29)

𝑉𝐸(𝜑) = 𝑚(3𝑚− 1) exp

[︃
−
√︂

2

𝑚
𝜑

]︃
, (30)

and, respectively, from (19)–(21), we have the generalized solutions for power-law inflation based on the
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Horndeski gravity

𝜑(𝑡) =
√
2𝑚 ln 𝑡, (31)

𝑉 (𝜑) = 𝑚(3𝑚− 1) exp

[︃
−
√︂

2

𝑚
𝜑

]︃
+ 6𝛼𝐺𝐵𝑎0𝑚 exp

[︂
(𝑚− 1)√

2𝑚
𝜑

]︂
, (32)

𝐹 (𝜑) = 1− 𝛽𝑆𝑇
𝑎20

exp
(︁
−
√
2𝑚𝜑

)︁
, (33)

𝜔(𝜑) = 1 +
3𝑚𝛽𝑆𝑇
𝑎20

exp
(︁
−
√
2𝑚𝜑

)︁
, (34)

𝜉(𝜑) = − 𝛼𝐺𝐵𝑎0
2𝑚2(𝑚+ 3)

exp

[︂
(𝑚+ 3)√

2𝑚
𝜑

]︂
, (35)

with the functions 𝐾, 𝐺3, 𝐺4, 𝐺5 which can be obtained in explicit form by means of the expressions

(5)–(8) using the solutions (31)–(35).

Thus, for 𝛼𝐺𝐵 = 0 and 𝛽𝑆𝑇 = 0 we have the exact solutions for inflation based on GR, for 𝛼𝐺𝐵 = 0

we have the exact solutions for inflation with STG and for 𝛽𝑆𝑇 = 0 we have the exact solutions for

EGB inflation. As one can see, the background solutions for GR and STG are the same, however, the

parameters of cosmological perturbations for inflationary models based on these gravity theories are

different (see [21,25] for details).

The solutions from GR inflation with Higgs potential

Now, we consider the following Hubble parameter

𝐻 = 𝑛𝐵 exp(−𝐴𝑡) + 𝜆, (36)

with corresponding scale factor

𝑎(𝑡) = 𝑎0 exp

(︂
𝜆𝑡− 𝑛𝐵

𝐴
𝑒−𝐴𝑡

)︂
, (37)

where 𝐴, 𝐵, 𝜆 and 𝑛 are arbitrary constants.

From equations (15)–(16) we have the exact solutions

𝜑(𝑡) = ±
√︂

8𝑛𝐵

𝐴
exp

(︂
−𝐴

2
𝑡

)︂
, (38)

𝑉𝐸(𝜑) =
3𝐴2

64
𝜑4 +

(︂
3𝐴𝜆

4
− 𝐴2

8

)︂
𝜑2 + 3𝜆2, (39)

with Higgs potential [5, 13].

From equations (19) we obtain

𝐹 (𝜑) = 1− 𝛽𝑆𝑇
𝑎20

(︂
𝐴𝜑2

8𝑛𝐵

)︂2𝜆/𝐴

exp

(︂
1

4
𝜑2
)︂
, (40)

𝜔(𝜑) = 1 +
3𝛽𝑆𝑇
𝑎20𝐴

2

(︂
𝐴𝜑+

8𝜆

𝜑

)︂2(︂
𝐴𝜑2

8𝑛𝐵

)︂2𝜆/𝐴

exp

(︂
1

4
𝜑2
)︂
. (41)

In the general case, we can not find the explicit dependence 𝜉 = 𝜉(𝑡) from equation (19), but we

can obtain it for the case of the choice of constants 𝐴, 𝐵 and 𝜆.

For example, for 𝐴 = 1, 𝐵 = 1 and 𝜆 = 1 we have

𝜉(𝜑) = −𝑎0𝑛𝛼𝐺𝐵
2

[︃
8 exp

(︀
1
8𝜑

2
)︀ (︀

1
4𝜑

2 + 1
)︀(︀

1
8𝜑

2 + 1
)︀
𝜑2

+ 𝑒Ei

(︂
1,

1

8
𝜑2 + 1

)︂
− 3Ei

(︂
1,

1

8
𝜑2
)︂]︃

, (42)

𝑉𝐺𝐵(𝜑) = 6𝛼𝐺𝐵𝑛𝑎0

(︂
1 +

8

𝜑2

)︂
exp

(︂
−1

8
𝜑2
)︂
, (43)
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where Ei is the exponential integral function [29].

Thus, the potential for this model is

𝑉 (𝜑) = 𝑉𝐸(𝜑) + 𝑉𝐺𝐵(𝜑) = 3 +
3

64
𝜑4 +

5

8
𝜑2 + 6𝛼𝐺𝐵𝑛𝑎0

(︂
1 +

8

𝜑2

)︂
exp

(︂
−1

8
𝜑2
)︂
. (44)

In the case of 𝛼𝐺𝐵 = 0 we have the solutions for scalar-tensor gravity and general relativity with

arbitrary constants 𝐴, 𝐵 and 𝜆.

The solutions from GR inflation with generalized polynomial potential

Further, we consider the solutions on the base of the Hubble parameter

𝐻(𝜑) =

√︂
𝐴

3
𝜑𝑛, 𝑛 ̸= 2, (45)

thus, from equations (17)–(18) we obtain

𝜑(𝑡) =

[︃
±2𝑛(𝑛− 2)

√︂
𝐴

3
𝑡

]︃ 1
2−𝑛

, (46)

𝑎(𝑡) = 𝑎0 exp

⎡⎣(︃±2− 𝑛

2

√︂
𝐴

3
𝑡

)︃ 2
2−𝑛

⎤⎦ , (47)

𝑉𝐸(𝜑) = 𝐴𝜑2𝑛 − 2𝐴𝑛2

3
𝜑2(𝑛−1). (48)

From the equations (24)–(27) we obtain

𝐹 (𝜑) = 1− 𝛽𝑆𝑇
𝑎20

exp

(︂
𝜑2

2𝑛

)︂
, (49)

𝜔(𝜑) = 1 +
3𝛽𝑆𝑇
2𝑛2𝑎20

𝜑2 exp

(︂
𝜑2

2𝑛

)︂
, (50)

𝜉(𝜑) = 𝛼𝐺𝐵

[︃
3
√
3 𝑎02

−1− 3𝑛
2 𝑛−

3𝑛
4

𝐴3/2
(︀
1− 3

2𝑛
)︀ ]︃

𝜑−
3𝑛
2 exp

(︂
−𝜑

2

8𝑛

)︂
W

(︂
−3𝑛

4
,−3𝑛

2
+

1

2
,
𝜑2

4𝑛

)︂
, (51)

𝑉 (𝜑) = 𝐴𝜑2𝑛 − 2𝐴𝑛2

3
𝜑2(𝑛−1) + 2𝑎0𝑛

√
3𝐴𝛼𝐺𝐵𝜑

𝑛 exp

(︂
−𝜑

2

4𝑛

)︂
, (52)

where 𝑊 (𝜇, 𝜈, 𝑧) is the Whittaker function [29].

For an explicit value of the constant 𝑛, for example, in the case when 𝑛 = −2 we have

𝜑(𝑡) =

(︃
∓8

√︂
𝐴

3
𝑡

)︃1/4

, (53)

𝑎(𝑡) = 𝑎0 exp

⎡⎣(︃±2

√︂
𝐴

3
𝑡

)︃1/2
⎤⎦ , (54)

with

𝐹 (𝜑) = 1− 𝛽𝑆𝑇
𝑎20

exp

(︂
−1

4
𝜑2
)︂
, (55)

𝜔(𝜑) = 1 +
3𝛽𝑆𝑇
8𝑎20

𝜑2 exp

(︂
−1

4
𝜑2
)︂
, (56)

𝜉(𝜑) = −3
√
3𝑎0

2𝐴3/2
𝛼𝐺𝐵

(︀
𝜑6 − 24𝜑4 + 384𝜑2 − 3072

)︀
exp

(︂
1

8
𝜑2
)︂
, (57)

𝑉 (𝜑) = 𝐴𝜑−4 − 8𝐴

3
𝜑−6 − 4𝑎0

√
3𝐴𝛼𝐺𝐵𝜑

−3 exp

(︂
1

8
𝜑2
)︂
. (58)

For 𝛼𝐺𝐵 = 0 and 𝛽𝑆𝑇 = 0 we have Muslimov’s solutions for standard inflation [5, 30]. The exact

solutions for cosmological model with 𝑛 = 2 one can find in [13].
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The solutions from GR inflation with trigonometric potential

Further, we consider the exact solutions for the Horndeski gravity on the basis of ones in GR for

the trigonometric potential which were firstly obtained in [26] and also were considered in [5].

For the Hubble parameter

𝐻(𝜑) = 𝐴 sin (𝜆𝜑) , (59)

with 𝜆 = 1√
2
(such a value of the parameter 𝜆 was chosen in order to integrate the equation (24)) we

have

𝜑(𝑡) =
√
2 arcsin

[︁
tanh

(︁√
3𝐴(𝑡− 𝑡*)

)︁]︁
, (60)

𝑎(𝑡) = 𝑎0

[︁
cosh

(︁√
3𝐴(𝑡− 𝑡*)

)︁]︁1/3
, (61)

𝑉𝐸(𝜑) = −4𝐴 cos2
(︂

1√
2
𝜑

)︂
+ 3𝐴2. (62)

From the equations (24)–(27) we obtain

𝐹 (𝜑) = 1− 𝛽𝑆𝑇

𝑎20 cos
2
(︁

1√
2
𝜑
)︁ , (63)

𝜔(𝜑) = 1 +
3𝛽𝑆𝑇
2𝑛2𝑎20

⎡⎣ tan2
(︁

1√
2
𝜑
)︁

cos2
(︁

1√
2
𝜑
)︁
⎤⎦ , (64)

𝜉(𝜑) = − 𝛼𝐺𝐵𝑎0

2𝐴3 tan
(︁

1√
2
𝜑
)︁ , (65)

𝑉 (𝜑) = −
(︁
4𝐴− 3

√
2𝑎0𝛼𝐺𝐵

)︁
cos2

(︂
1√
2
𝜑

)︂
+ 3𝐴2. (66)

Thus, for the following value of the parameter 𝛼𝐺𝐵 =
(︁

2
√
2𝐴

3𝑎0

)︁
we have the model with flat potential

𝑉 = 𝑐𝑜𝑛𝑠𝑡 which is induced by the non-mimimal coupling of the scalar field and Gauss-Bonnet scalar.

Conclusion

In this paper we considered the exact inflationary solutions for the Horndeski gravity which

generalize solutions for several gravity theories. The transition between different models of gravity is

carried out by selecting the constants 𝛼𝐺𝐵 and 𝛽𝑆𝑇 . Using the proposed approach, one can generate the

generalized exact solutions from the exact solutions obtained for the case of General Relativity.

Also, it is possible to obtain the other exact inflationary solutions for the Horndeski gravity from

the initial case of Einstein gravity considering the conditions (19) or (24) for the integrability of models

in the sense of finding the explicit dependence 𝜉 = 𝜉(𝜑).
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