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1. Introduction

Considering gravitational interaction of non-linear sigma-model (NSM) with a metric field g, (),
satisfying the Einstein equations, the exact solutions of instanton and meron types of SO(N)-invariant
non-linear o-model on 4-dimensional Riemann spaces of the Euclidean signature were found in [1-3].
The general features of models and topological characteristics of solutions are studied.

Developing a such approach for Riemann spaces of the Lorentz signature (that helps to take into
account the gravitational interaction between bosons, that have been described by (NSM) [4]) in [5,6] the
classes of exact solutions SO(3) - SO(4)- invariant o-model in spherical-symmetric and plane-symmetric
spaces within the framework of cosmological models were found. Further generalization for the case of
SO(N) internal symmetry is provided in this paper.

1E-mail: chervon.sergey@gmail.com
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In Section 2 the scheme of generalization of plane-symmetric solutions (that obtained in [5,6]) for
the case of SO(N) internal invariance is proposed.

In Section 3 the method of solution‘s generation for SO(N)-invariant self-gravitating NSM from
vacuum solutions of the Einstein equations is specified for the class of plane-symmetric spaces with the

linear element

ds® = f(z,t)(—dz* + dt*) + gapdzda®, (1)

where f and g4, depend on z and t only; a,b =1, 2.
In Section 4 the vacuum metrics leading to the Friedmann cosmological solutions are found. It
helps to find a new class of anisotropic cosmological models.

2. Plane-symmetric solutions in SO(N)-invatiant o-model

The Lagrangian of self-gravitating o-model is

A= =g (Rx" + K*hageivha™) /2, (2)
where hap(p®) is the metric of the value space of a multiplet of scalar (chiral) fields p©, k2 the
constant of interactions with gravitational field, R the scalar curvature of coordinate space, s the
Einstein constant; 7,5,k =1,2,3,4; A, B,C=1,...,. N — 1.

The energy momentum tensor (EMT) has components
B _mn

1
Tik = K*(hapelie ) = S9ikhap@meng™)- (3)

Let us consider NSM with the value space

dsZ = (dp")? + sin® @' [(dg?)? + sin® p?[(d®)? + ... + sin® ™ "2 (dp™ 1)?]]

in the class of plane-symmetric spaces with the linear element (1) where

g12 =921 =0, g11 = go2 = A(2,1).
The Einstein’s equations with the energy momentum tensor (3) is transformed to

1 F
T L T I
2.
1 ek, 2 11 e 2 1 .1 23
ﬁ+7:/€%<@n7¢n>a E_FEWZH%<¢§’S07]>

In (2.3) and further we set up the designations: z =&+, t =& — n, ¢ = Oc o,

def M M |:SDM+1 M+1

<SD§ , 9077 > Pe Py + sin? %) ©n + sin 90M+1[ M+2 Mt2 4

p¢ oy
+ sin? N~ 2[(,0? 1(,02[ 1]}}, (M=1,2,...,N—1).

Corresponding (2) field equations in considering case are:

8§(Acp,17) + Oy (Agpg) — Asin 20" < @F, @2 >=0, (2.4.1)
D¢ (Asin® ! - ap?]) + 0, (Asin® ¢! - gog) — Asin? p! sin 2¢% < @2’7 gof’] >=0, (2.4.2)
D¢ (Asin® '...sin? oV 72 x %17\771) + 0y (Asin® @'...sin? o™ 72 x goév h=o. (2.4.N-1)

Taking into account (2.3) and using acceptable coordinate conversions, we have two options:

A)A==z e=1,
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B)A=t, e=—1.

The case A = A() (or A = A(n)) does not really interesting since it leads to a degeneration of
the field equations (2.4.1)-(2.4.N-1).

1A. Let us suppose, that all fields are static: ¢* = p“(2). Then, integrating (2.3), we have
f=la it (2 <0), (2.5)
where the constant a2 satisfies the relation
of =27 < @i, gL >=<y, ¢, >, (u=Inlz|). (2.6)
Taking into account (2.6) in (2.4) and recurrent connection
< Pus Pu >= Py, +sin’ ot <@l gl >,

< Q2,08 >=papl +sin® p® < 3, ¢l > (2.7)

the equation (2.4.1) is reduced to

(P wu +ctg o’ [(0n)? —ag] =0, of > (¢2)?, (2.8)

and it has the solution
@' = arccos {aol ad —a? Cos(aou)} , a3 =const < af. (2.9)

Taking into account (2.6)—(2.9), the equation (2.4.2) can be represented as

sin”* ! [(%2)55 +ctg” ((9F) — af) } + ¢ [iuu + &y (Insin® @1)4 =0. (2.10)

Requesting first and second terms are equal to zero in (2.10), we find

¢? = arccos (a; 'y/a? — a3 cosai€), & = o 'arctg(a; ' aotgaou). (2.11)

Taking into account (2.6)-(2.11), it is possible to reduce (2.4.3) and further equations to the form of
(2.11). Directly integrating (2.4.N-1) we have

@' = arccos (ag '\/ad —af cos&r), & = aou,
2 _ -1 2 2 _ Qo
p” = arccos (al o] — o5 cos 52), &y = arctg a—tg& ,
1

............ (2.12)

N-2 _ -1 2 2 _ ON—4
@] = arccos (aN73\ [Oj_g — O _o cost,g), En_o = arctg (oz tg En—s |,
N-3

QN _—
(prl = arctg <N?’tg£N_2> R Ot(2) > 0[% >0 > O‘?\/—Q'
an

2A. Suppose, that the chiral fields o depend on time only: 4 = ¢4 (¢). From equations (2.3) we
find:

2
f= |z|_5exp{n2%a322}, A=z (2.13)

The solution of (2.4) is similarly to the case 1A and it has the view as (2.12) with the substitution u — ¢.
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1B. Let ¢ = A (t). Then we have

1

f=t 02, A=t<o. (2.14)

The solution for (2.14) looks like (2.12), where u = In [¢].

2B. Let p? = p4(2).

f= |t|7% exp {mfzagt;} , A=z (2.15)
The solutions of fields equations (2.4) looks like (2.12) where u = z.

Let us note, that obtained gravitational fields (2.5), (2.13)—(2.15) for SO(N)-invariant self-
gravitating NSM have the same form like in papers [5,6]. Beside that, knowing the gravitational field of
the resulted classes of solutions it is impossible to determine the number of chiral fields generating these
solutions, because the metric (and the components of EMT (2.2)) contains only one constant — of.

3. Solutions’ generating in self-gravitating SO(IN)-invariant o-model from vacuum solutions
of Einstein’s equations

Following by the work [7], let us represent the metric coefficient f in the metric (1) as multiplication
f = fv-®, where f, is the solution of Einstein’s vacuum equations R;; = 0; ®(z,t)-correction factor
for the matter (in our case — for multiplet of scalar fields ¢*). Then the equations of self-gravitating
SO(N)-invariant NSM is disintegrated into four groups.

The first group of equations:

(0‘9:&‘?_1)77 + (agjnﬁ_l)f =0,

) N 10
where o? = det(gas), §=(9a), 99 ' =E = <0 1) .

The second group:

1 SpA?
(na)ss+ P

(I fu)e = (Ina)e  daog’

_ (Ina)y, SpB?
(I fo)n = (In ), * daay,’

17 B = ag?ng_

L 2 % 2 matrices.

where A = —ageg”
The third group — the field equations (2.4) taking into account replacement A for a.

The fourth group determines the correction for scalar fields factor ®:

(nae (Ina),
The integrability conditions of (3.1) are fulfilled by virtue of the field equations (2.4). Indeed, by

making a linear combination

(In®@)e = »k , (In®), =k (3.1)

(24.1) X o + (24.2) X @+ ...+ (24N = 1) x o1,

we have got the integrability conditions (3.1).

Thus, for getting the exact solutions of NSM in spaces (1.1), it is enough to solve the field equations
(2.4) for vacuum metric and to find from (3.1) the correction factor ®.

The solutions of Section 2 can be considered as generated from vacuum ones, besides for considered
cases @ and f, are:
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1A. @ = |z|”“20‘3, fv= f§|z|*%, A=z f%=const.
2A.<I):exp{%l<;2a(2)~22/2}, fv:fg|z\7%, A=z

1B. & = [t]°08, f, = f2|t|"%, A=t.

2B. & = eXp{;«mQa% . t2/2}, fv= f§|z|_%, fv= f§|t|‘%, A=t

Let us note, that the correction factor ® for the scalar fields ¢*, according to (3.1), is determined
up to a constant factor: & — const - ®.

4. Cosmological solutions of SO(N)-invariant o-model

As the initial vacuum solutions we choose the metric classes, which lead to Friedmann cosmological
models with scalar field [7].
The linear element

sh4¢ - shdn

22

ds* = sh2t [fg ( o ) (—dt? + dz?) + sh®z da? + ch?z dyQ] , (4.1)
s

where 0 <t <00,0<2<00,0< 2 <21, —0 <y < 00, fg, %2 — const., is the solution of the Einstein‘s

vacuum equations R;; = 0 and it leads to the open cosmological model.

The initial linear element for closed cosmological model is:
0 4€ - sin 4 72
ds* = sin 2t [fg (sm'g’Qsmn) (—dt? + d2?) + sin? z dz? + cos® 2 dyQ] ) (4.2)
sin“ 2t
where 0 <2< 5,0<2 <27, —m <y <
The initial metric for the flat world has the view

=2

ds* =t [fg (&n'™2)" (—dt® + d2?) + 22d2® + dyz} , (4.3)

where 0 < 2z <00, 0 <2 <27, —00 < y < +00.

There is no metric classes (4.1)—(4.3) in [7], but there is the procedure of getting them from
Friedmann standard solutions (with scalar field included).

Let us generate the solutions SO(N)-invariant NSM, using the described in Section 3 method, from
the vacuum solution (4.1).

19. Let us suppose that the chiral fields depend on time only: ¢4 = ¢4 (u), where u = %ln [th t|.
Then the field equations (2.4) have the solution (2.12), where u = % In |tg .

Integrating (3.1) we find the coefficient

® = (sh?2t-sh'4¢ - shtdp), #2= §%m2a(2). (4.4)

Taking into account (4.4) we get the open isotropic universe in metrics‘ class (1.1) (in (4.1) we suppose
R2=0, f2=1).

20, Let us suppose that ¢ = ¢*(u) where u = 3 In|tg z|. Then the solution of (2.4) has the view
(2.12) where u = $Inltgz|, < ¢l, ¢} >= of. Integrating (3.1), we determine the correction factor for
matter ®:

fQQ

® = (sh®2z -sh™'4¢ - sh™'4n)*" | &% = dsew®ad /3.

As the result we get the anisotropic cosmological metric

ds? = sh2t | f2(sh 2t sh™* 2t)k2 (—dt?® + dz?) + sh®z da? + ch?z dyz} . (4.5)
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Thus, in the case of dependence of scalar fields ¢ on space coordinate z, SO(N)-invariant NSM
generates the anisotropic cosmological model (4.5).

Based on vacuum solutions (4.2),(4.3) we find that in case of time-like chiral fields ¢*, with
analogical assumptions, SO(N)-invariant NSM generates the closed and flat universe (in (4.2), (4.3)
set &2 = 0, f2 = 1). In the case of dependence of ¢ on space coordinate z we get the anisotropic
cosmological models:

-2
. 2 K
ds® = sin 2t lfg (Ssll?l 2';) (—dt? 4 d2*) + sin? z dx? + cos® 2 dy2] , (4.6)
. 4
> =t {fg(zt_l)“2(—dt2 +dz?) + 22da® + dyQ} , RP= g%mzag, (4.7)

which are creating by the multiplet of scalar fields (2.12), where u = 1 In|tg2z| for solution (4.6) and
u = 3 In|z| for solution (4.7).

5. Conclusion

Thus, the scheme of plane-symmetric solutions generalization of self-gravitating o-model for the
case of SO(N) internal invariance (Sec.2), using the solution generating for o-model from vacuum metric
method (Sec.3), let us not only to interpret the solutions obtained earlier as the solutions generated from
vacuum solutions, but to find new classes of solutions describing the anisotropic cosmological models
(Sec.4) as well. Also it lets us to show that SO(N)-invariant NSM can be the source for Friedmann
cosmological models of open, closed and flat universe.
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