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Èññëåäóþòñÿ âîçìîæíîñòè êîâàðèàíòíîãî ïî îòíîøåíèþ êàê ê êîîðäèíàòíûì, òàê è ê ëîêàëüíûì

ëîðåíöåâûì ïðåîáðàçîâàíèÿì ôîðìàëèçìà, ðàçâèòîãî ðàíåå â ðàìêàõ òåëåïàðàëëåëüíîãî ýêâèâàëåíòà

îáùåé òåîðèè îòíîñèòåëüíîñòè (TEGR). Ôîðìàëèçì èñïîëüçóåòñÿ äëÿ èçó÷åíèÿ äâèæóùåéñÿ ñ ïîñòîÿííîé

ñêîðîñòüþ ïî îòíîøåíèþ ê óäàëåííûì ñòàòè÷åñêèì íàáëþäàòåëÿì øâàðöøèëüäîâîé ÷åðíîé äûðû.

Ïîñòðîåíû êîîðäèíàòíî- è ëîðåíö-èíâàðèàíòíûå ãëîáàëüíûå ìàññà è èìïóëüñ. Ïðèåìëåìûå ðåçóëüòàòû

ïîëó÷åíû, íåñìîòðÿ íà òî, ÷òî èññëåäóåìîå ðåøåíèå íå èìååò, êàê ìèíèìóì, âåêòîðîâ Êèëëèíãà äëÿ

ïðîñòðàíñòâåííûõ ñìåùåíèé. Ðàñ÷åòû âïîëíå àíàëîãè÷íû ðàñ÷åòàì ìàññû è èìïóëüñà äëÿ äâèæóùåãîñÿ

ìàòåðèàëüíîãî øàðà â ïðîñòðàíñòâå Ìèíêîâñêîãî, è ýòà àíàëîãèÿ èñïîëüçóåòñÿ ñóùåñòâåííûì îáðàçîì.

Êëþ÷åâûå ñëîâà: òåëåïàðàëëåëüíàÿ ãðàâèòàöèÿ, ñîõðàíÿþùèåñÿ âåëè÷èíû, ÷åðíûå äûðû.
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Possibilities of the covariant with respect to both coordinate and local Lorentz transformations formalism

developed earlier in the framework of Teleparallel Equivalent of General Relativity (TEGR) are studied.

The formalism is applied to a solution for a moving with constant velocity (with respect to distant static

observers) Schwarzschild black hole. Coordinate and Lorentz invariant global conserved mass and momentum

are constructed. The acceptable results are obtained in spite of the solution under consideration has no, at least,

Killing vectors of space displacements. Calculations are quite analogous to calculating the mass and momentum

of a moving matter ball in Minkowski space, and this analogy is used essentially.
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Introduction

Teleparallel gravity including TEGR (Teleparallel Equivalent of General Relativity) has been

developing very actively over the past few decades [1�3]. In many researches in teleparallel gravity,

black hole solutions are the most widely used as models to test various developing formalisms. Among

them, Schwarzschild black hole solution is considered in detail [4�8] and is being used to calculate the

mass of a black hole as a conserved global energy or derive energy density of the gravitational �eld

1E-mail: ed.emcova@physics.msu.ru
2E-mail: alex.petrov55@gmail.com
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measured by an observer. Many of approaches, see for example [7, 8], lead either to non-covariant with

respect to coordinate transformations, or non-invariant with respect to local Lorentz rotations quantities.

Nevertheless, a fully covariant formalism can be developed with the use of the Noether theorem.

Thus, in [9�11] fully covariant conserved quantities are constructed in the di�erential form presentation,

whereas in [12,13] they are constructed in the more popular tensorial presentation. Namely, the formalism

of [12,13] is applied in the present paper. To achieve the covariance of both types, at least, one needs to

introduce a non-dynamical quantity representing the inertial e�ects - the inertial spin connection (ISC)

that is not determined by the theory itself. In [12,13], the principle of �turning o�� gravity is used just

to determine ISC. It is based on the fact that in the absence of gravity, only inertial e�ects can remain.

In this case, the curvature tensor vanishes and then Levi-Civita spin connection (L-CSC) expresses only

inertial e�ects and should be equal to the ISC. Applying the Noether approach and considering the

invariance under di�eomorphisms induced by an arbitrary smooth vector �eld ξ, one needs to choose

ξ in a physically meaningful way. They can be Killing vector �elds of the reference geometry, proper

vectors of observers, etc.

For the best of our knowledge, the Schwarzschild solution was not considered in TEGR as a moving

black hole in any applications. Thus, the �rst goal here is to close this gap and calculate the global

conserved energy and momentum for the moving black hole [14] with making the use of the method

[12, 13]. However, calculating the total mass and total momentum is not an end in itself. Indeed, the

solution [14] is asymptotically �at and these quantities are known and can be obtained by other related

methods in general relativity [15]. Only we would want to demonstrate possibilities of the covariant

formalism [12, 13] and its advantages with respect to other approaches in TEGR. It is the second goal.

It turns out that these calculations are quite analogous to calculating the mass and momentum of a

moving matter ball in Minkowski space. We use this analogy greatly.

1. Covariant Conserved Quantities in TEGR

Let us outline the covariant formalism [12,13]. The gravitational Lagrangian of TEGR:

•
L=

h

2κ

( •
K
ρ
µν

•
Kρ

νµ −
•
K
ν
ρν

•
K
µρ
µ

)
(1.1)

is equivalent to the Hilbert Lagrangian up to a divergence. Dynamical variables in TEGR are components

of the tetrad �eld haρ, which are connected with metric by gµν = ηabh
a
µh

b
ν and h ≡ dethaρ, where

ηab is the Minkowski metric; Greek indexes are spacetime components, Latin indexes a, b, c, . . . are

tetrad components, Latin indexes i, j, k, . . . are space components. The contortion tensor is de�ned

as
•
K a

bν =
•
A a

bν−
◦
A a

bν , where
◦
Aabν = −hbρ

◦
∇ν haρ is the L-CSC with

◦
∇ν Levi-Civita covariant

derivative,
•
Aabν is the teleparallel ISC. Tetrad indexes are replaced by spacetime indexes and inversely

by contracting with haµ or ha
µ, for example,

•
K ρ

µν =
•
K a

bνha
ρhbµ.

Simultaneous transformations of tetrad and ISC under local Lorentz rotations are:

h′aµ = Λabh
b
µ, (1.2)

•
A
′a
bµ = Λac

•
A
c
dµΛb

d + Λac∂µΛb
c, (1.3)

where Λbd(x) is a matrix of a local Lorentz transformation. The L-CSC
◦
Aabν is transformed analogously

to (1.3). Then it is evidently that
•
K ρ

µν is invariant under local Lorentz transformations. Because
•
A c

dµ

represents the inertial e�ects of the tetrad it can be suppressed by (1.3) with appropriate Λac [12, 13].

Considering the invariance under di�eomorphisms induced by an arbitrary vector �eld ξ, one derives

for the action (1.1) conservation law for the current
•
J α(ξ):

∂α
•
J α(ξ) =

◦
∇α

•
J α(ξ) = 0. (1.4)
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The current itself is expressed through the superpotential:

•
J α(ξ) = ∂β

•
J αβ(ξ) =

◦
∇β

•
J αβ(ξ). (1.5)

Noether's current
•
J α(ξ) is the vector density of the weight +1, Noether's superpotential

•
J αβ(ξ) is the

antisymmetric tensor density of the weight +1, in TEGR it is

•
J αβ(ξ) =

h

κ

•
Sσ

αβξσ;
•
Sσ

αβ =
•
K

αβ
σ + δβσ

•
K

θα
θ − δασ

•
K

θβ
θ. (1.6)

Both
•
J α(ξ) and

•
J αβ(ξ) are locally Lorentz invariant. In the case of spherical symmetry, when r = x1,

conservation laws (1.4) and (1.5) allow us to construct a conserved charge:

P(ξ) =

∫
Σ

d3x
•
J 0(ξ) =

∮
∂Σ

d2x
•
J 01(ξ) =

1

κ

∮
∂Σ

d2xh
•
Sσ

01ξσ, (1.7)

where Σ is a hypersurface of constant time t = x0 = const, ∂Σ is a boundary of Σ, and can be considered

both at �nite r = r0 and at r →∞.

2. A Moving Matter Ball in Minkowski Space

From the start, because the model of moving black hole is similar to moving spherically distributed

matter in Minkowski space, it is instructive to consider such a matter in a �at spacetime with metric:

ds2 = −dt2 + dx2 + dy2 + dz2. (2.1)

Here, we denote these coordinates as (t, x, y, z) = (x0, xi) = (xα), where i = 1, 2, 3. To turn this

spacetime into a reference frame, we add it by static observers which have proper vectors ξα =

(−1, 0, 0, 0). Let the matter in the Minkowski space have energy-momentum tensor Θα
β , which is

di�erentially conserved, ∂αΘα
β = 0. Then the current J α = Θα

βξ
β is conserved, ∂αJ α = 0, as well,

and its components present the energy density J 0 = Θ0
0ξ

0 and the momentum density J i = Θi
0ξ

0

measured by the introduced above observers. One recognizes that the de�nition of the current
•
J α(ξ)

in (1.4) and (1.5) is a generalization to TEGR of the simplest de�nition in Minkowski space, and the

components of
•
J α(ξ) have the analogous interpretation for observers with proper vectors ξ.

Assuming the static spherically symmetric distribution of matter, one has for the current

J αs = [ρ(r), 0, 0, 0] , (2.2)

where ρ(r) = J 0
s(r) = Θ0

0(r)ξ0 is just the energy density, r2 ≡ x2 + y2 + z2 and

x = r sin θ cosφ; y = r sin θ sinφ; z = r cosφ. (2.3)

Suppose that matter distributed on the hypersurface Σ of a constant time is bounded by ∂Σ that is a

sphere r = r0. Then the mass/energy of such a matter ball can be calculated as

Es =

∫ ∫ ∫
Σ

dxdydzJ 0
s(r) =

∫ ∫ ∫
Σ

dxdydzρ(r) =

∫ r0

0

∫ π

0

∫ 2π

0

drdθdφ ρ(r)r2 sin θ =M. (2.4)

Let us assume that an absolutely identical matter ball is moving relatively to the frame {xα}
connected with (2.1) with the constant velocity v along the axis 0 ÷ x. The proper coordinates of the
moving object are connected with those in (2.1) by the Lorentz transformation:

t = γ(t− vx); x = γ(x− vt); y = y; z = z, (2.5)

where γ ≡ (1 − v2)−
1
2 . In analogy with the reference frame {xα} determined by (2.1) the moving ball

has a proper (its own) reference frame {xα}.
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To illustrate the below calculations related to a moving matter ball we consider a simpler case. Let

the moving sphere be �lled by N point particles with masses m and static in the proper frame {xα},
thus the total mass in {xα} is Ms = Nm. After that, let us �nd the mass of such a moving object in

the frame {xα}. First, the moving sphere undergoes relativistic compression and its volume decreases

γ times. Second, by e�ects of special relativity, energy and momentum of each particle with mass m

becomes γm, and γvm. At last, third, because the number of particles N is conserved the concentration

of particles increases in γ times. For this simplest model it is clear that the �rst and third factors are

compensated. Then, the evident result for the total mass and momentum of the moving object becomes

Mm = N(γm) = γMs and P1
m = N(γvm) = γvMs.

The above logic is working in the case of continuous matter distribution as well. Thus in the proper

frame {xα} of the moving ball the current has the form:

J αs = [ρ(r), 0, 0, 0] , (2.6)

where r2 = x2 +y2 +z2 and ρ(r) is the same function like in (2.2). Now, let us transform from the frame

{xα} to the frame {xα}. The �rst factor of the relativistic compression of the sphere is to be taken into

account in boundaries of integration. By the second factor, the components of the vector (2.6) after

Lorentz transformations (2.5) become

J αm = [γρ(r), γvρ(r), 0, 0] (2.7)

in the frame {xα} in coordinates (t, x, y, z), where r2 = γ2(x− vt)2 + y2 + z2. By the third factor, due

to the relativistic compression the components of (2.7) have to be multiplied by γ under the integration

in the compressed boundaries.

Thus, to obtain the total mass of the moving matter ball one integrates

Em =

∫ ∫ ∫
Σ

dxdydz
(
γJ 0

m(r)
)

= γ

∫ ∫ ∫
Σ

dx′dydzρ(r′) = 4πγ

∫ r0

0

dr′ r′2ρ(r′) = γM, (2.8)

where the boundary ∂Σ of Σ is de�ned as γ2x2+y2+z2 = r2
0 calculated at the moment t = 0 without the

loss of generality. After the simple rede�nition x′ = γx one has x′2 + y2 + z2 = r′2 and the boundary ∂Σ

is de�ned as usual r′ = r0, thus the last integration in (2.8) repeats exactly (2.4). The same, following

the analogy with the example of point particles, where the total momentum is obtained by a simple

summation, the total momentum of the moving matter ball is obtained by integration of a momentum

density J 1
m(r) multiplied by γ

P 1
m =

∫ ∫ ∫
Σ

dxdydz
(
γJ 1

m(r)
)

= γv

∫ ∫ ∫
Σ

dx′dydzρ(r′) = 4πγv

∫ r0

0

dr′ r′2ρ(r′) = γvM. (2.9)

First, the results (2.8) and (2.9) are in the full correspondence with the conclusions of special relativity.

Second, namely the above prescription will be used to calculate the global mass and momentum of the

moving black hole because the covariant formalism of [12,13] allows us to realize this program.

3. A Moving Black Hole in TEGR

Analogously to the matter ball in Minkowski space we begin to study the Schwarzschild solution

in a static presentation. Following [14], we take the Schwarzschild metric in isotropic coordinates:

ds2 = −α2(r)dt2 + ψ4(r)(dx2 + dy2 + dz2), (3.1)

where α(r) ≡ (1− M
2r )/(1 + M

2r ), ψ(r) ≡ 1 + M
2r and again x2 + y2 + z2 = r2. The most convenient is to

choose the tetrad in diagonal form:

haµ = diag
[
α(r), ψ2(r), ψ2(r), ψ2(r)

]
. (3.2)
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Non-zero components of L-CSC
◦
Aabν = −hbρ

◦
∇ν haρ calculated for (3.1) and (3.2) are:

◦
A

0̂
î0 =

◦
A
î
0̂0 =

Mxi

r3

1

ψ4(r)
;

◦
A
î
k̂i = −

◦
A
k̂
îi = −Mxk

r3

1

ψ(r)
, (3.3)

where the indexes with �hat� are tetrad components and indexes without �hat� are spacetime

components; here, xi ≡ (x1, x2, x3) ≡ (x, y, z). �Turning-o� gravity� in L-CSC (3.3) is provided by

the condition M → 0 what leads to vanishing L-CSC giving for all the components of ISC,
•
A a

bµ = 0.

Within the de�nitions in [1, 8, 12], a tetrad with a related zero ISC is called a �proper tetrad�. For

the L-CSC (3.3) and zero ISC the formulae (1.6) give the teleparallel superpotential
•
S σ

αβ , non-zero

components of which are:

•
S 0

0i = −
•
S 0

i0 = −2Mxi

r3

1

ψ5(r)
;

•
S i

ik = −
•
S i

ki =
M2xk

2r4

1

α(r)ψ6(r)
. (3.4)

To calculate the total mass of the Schwarzschild black hole, it is more convenient to take the

spherical coordinates. Therefore, let us provide the standard coordinate transformation (2.3) after that

the metric (3.1) acquires the form:

ds2 = −α2(r)dt2 + ψ4(r)
[
dr2 + r2(dθ2 + sin2 θdφ2)

]
. (3.5)

We take again the convenient diagonal tetrad for (3.5):

haµ = diag
[
α(r), ψ2(r), rψ2(r), rψ2(r) sin θ

]
. (3.6)

For the metric (3.5) and tetrad (3.6), the non-zero components of L-CSC are

◦
A 0̂

1̂0 =
◦
A 1̂

0̂0 = M
r2

1
ψ4(r) ;

◦
A 1̂

2̂2 = −
◦
A 2̂

1̂2 = M
r

1
ψ(r) − 1;

◦
A 1̂

3̂3 = −
◦
A 3̂

1̂3 = −α(r) sin θ;
◦
A 2̂

3̂3 = −
◦
A 3̂

2̂3 = − cos θ,
(3.7)

where now xi ≡ (x1, x2, x3) ≡ (r, θ, φ).

�Turning o�� gravity by M → 0 in (3.7) gives ISC, non-zero components of which are:

•
A

1̂
2̂2 = −

•
A

2̂
1̂2 = −1;

•
A

1̂
3̂3 = −

•
A

3̂
1̂3 = − sin θ;

•
A

2̂
3̂3 = −

•
A

3̂
2̂3 = − cos θ. (3.8)

Then, formulae (1.6) for the L-CSC (3.7) and ISC (3.8) give non-zero components of
•
S σ

αβ :

•
S 0

01 = −
•
S 0

10 = −2M

r2

1

ψ5(r)
;

•
S 2

12 = −
•
S 2

21 =
•
S 3

13 = −
•
S 3

31 = −M
2

2r3

1

α(r)ψ6(r)
. (3.9)

After applying the transformations (1.2) and (1.3) to the tetrad (3.6) and ISC (3.8), where

Λab =


1 0 0 0

0 sin θ cosφ cos θ cosφ − sinφ

0 sin θ sinφ cos θ sinφ cosφ

0 cos θ − sin θ 0

 , (3.10)

the obtained ISC vanishes and the obtained tetrad becomes a proper tetrad. This proper tetrad after

the coordinate transformations (2.3) becomes equal to the proper tetrad (3.2) and the superpotential

(3.9) goes to (3.4). In the framework of the covariant formalism [12, 13], arbitrary pairs of tetrads and

ISCs connected by smooth coordinate and/or local Lorentz transformations present the same gauge in

terminology of [16,17], and can be used in calculations to obtain the same result. Here, in calculations,

we use the gauge presented by the pair of tetrad (3.2) and zero ISC (or by the pair of tetrad (3.6) and

ISC (3.8)) only.1

1In spite of evident advantages of covariant formalism the ambiguity related to constructing conserved quantities
remain. The reason is that ISC cannot be chosen in an unique way even by the �turning o�� gravity principle. Recently,
this problem has been studied in detail in [16, 17].
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To calculate the global mass/energy of a black hole, it is necessary to determine the observers in

the same way as it was done in the Minkowski space. A spacetime with metric (3.1), or (3.5), and with

the 4-vectors of static observers

ξσ =
[
−α−1(r), 0, 0, 0

]
(3.11)

presents a static reference frame {xα}. Then, (1.6) with (3.9) gives the unique non-zero component of

the Noether superpotential
•
J 01

s = −
•
J 10

s = 2κ−1Mψ(r) sin θ; (3.12)

and (1.5) gives the Noether current in the form:

•
J α

s =
[
2κ−1Mψ′(r) sin θ, 0, 0, 0

]
. (3.13)

Because
•
J α

s is a vector density, see (1.4) and (1.5), the energy density in (3.13) presented in spherical

coordinates can be rewritten as
•
J 0

s =
•
ρ(r)r2 sin θ, where

•
ρ(r) is the energy density in the Cartesian

coordinates of (3.1). Thus, substituting (3.13) and (3.12) into (1.7) we get

Es = lim
r0→∞

∫ ∫ ∫
Σ

dxdydz
•
ρ(r) = lim

r0→∞

∫ ∫ ∫
Σ

drdθdφ
•
J 0
s = lim

r0→∞

∮
∂Σ

dθdφ
•
J 01
s = M, (3.14)

where again the boundary ∂Σ of Σ presents a sphere r = r0, and then one takes the limit r0 →∞.

The result (3.14) can be interpreted as the global mass of the black hole, since at r0 →∞ the 4-vector

(3.11) asymptotically tends to the timelike Killing vector ξα = (−1, 0, 0, 0). If the charge (3.14) is

calculated at �nite r = r0, it can be interpreted as the energy measured by observers resting at r = r0.

The acceptable result (3.14) shows us that our choice of the gauge in the terminology [16, 17] just

corresponds to the problem of calculating the global mass.

To describe the moving black hole the authors [14] apply the transformation (2.5) to the barred

metric (3.1) and obtain the metric of the moving black hole in the frame {xα}:

ds2 = −α̃2dt2 + γ2(ψ4 − α2v2)(dx+ βdt2)2 + ψ4(dy2 + dz2). (3.15)

Here α̃ = αγ−1(1− α2v2/ψ4)−1/2; β = −v(1− α2/ψ4)(1− α2v2/ψ4)−1, α = α(r) and ψ = ψ(r), where

r2 = γ2(x − vt)2 + y2 + z2. Let us turn to the proper reference frame of the moving black hole {xα}
de�ned by the barred metric (3.1) and related observers analogous to (3.11). Repeating all the steps

done for the static black hole and preserving the static gauge which is obtained relatively to the black

hole, we get in the coordinates (t, x, y, z):

•
J α

s (r) =
[•
ρ(r), 0, 0, 0

]
, (3.16)

where the dependence
•
ρ(r) is exactly the same as de�ned for (3.13) and r2 = x2 +y2 +z2. We emphasize

that in the frame {xα} we, of course, repeat the result (3.14): Es = M for the global mass.

Because the gauge is already chosen, and the solution (3.15) is obtained from the barred metric

(3.1) with the use of (2.5), the covariant formalism [12,13] allows us to transform the components of the

current (3.16) with the use of (2.5) to the frame {xα}:

•
J α

m(r) =
[
γ
•
ρ(r), γv

•
ρ(r), 0, 0

]
. (3.17)

Formally (3.17) coincides with the current (2.7) for a matter ball in Minkowski space. Likewise, the

integration for the components of (3.17) actually repeats the integration in (2.8) and (2.9). The only

di�erence is that with making the use of (1.7) we go to the surface integration, and then take the limit

r′ = r0 →∞. Finally, we get the global mass and momentum for the moving black hole:

Em = γM ; P 1
m = γvM. (3.18)
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Conclusion

Let us discuss the results. First, the transformation (2.5) applied to (3.1) presents the global

Lorentz boost for distant observers. Thus, the results (3.18), presenting the global (at in�nity) conserved

quantities, can be interpreted as quite acceptable ones.

Second, the result (3.14) was obtained by choosing (3.1), or (3.5), with observers (3.11). The same

result could be obtained with the use of the Killing vector ξα = (−1, 0, 0, 0) instead of (3.11). However,

following this logic, to calculate the momentum density, a space-like displacement Killing vector would

be needed, but it does not exist for the solution under consideration. Here, following the analogies in

Minkowski space we interpret components of the conserved current for a static black hole as components

of the energy-momentum vector when energy density and momentum density are measured by local

observers. Components of the current for a moving black hole are obtained by related transformation

(2.5) with the following integration and �nal results (3.18).

Third, in [17] it was found that for the same solution, the �turning-o� gravity� in di�erent frames

can lead to di�erent ISCs, including those which give unacceptable results. Here we have used the only

gauge in which tetrad (3.2) is a proper tetrad, i.e. associated with vanishing ISC, and this gauge leads

to physically meaningful results (3.14) and (3.18). Nevertheless, the problem of determining di�erent

gauges for the solution (3.15) is interesting, and its study is carried over to the future.
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