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Ââåäåíèå

Èíòåðåñ ê ýôôåêòó ïîëÿðèçàöèè âàêóóìà â ñèëüíûõ ãðàâèòàöèîííûõ ïîëÿõ ñâÿçàí, â îñ-

íîâíîì, ñ èññëåäîâàíèåì ðàííåé Âñåëåííîé è ïîñòðîåíèåì ñàìîñîãëàñîâàííîé ìîäåëè èñïàðåíèÿ

÷åðíûõ äûð. Ýòîò ýôôåêò îïèñûâàåòñÿ ïîëóêëàññè÷åñêîé òåîðèåé ãðàâèòàöèè

Gµν = 8π〈Tµν 〉ren, (I)

ãäå 〈Tµν 〉ren âàêóóìíîå ñðåäíåå îïåðàòîðà òåíçîðà ýíåðãèè�èìïóëüñà êâàíòîâàííûõ ïîëåé. Îòìå-

òèì, ÷òî âàêóóìíûå ôëóêòóàöèè êâàíòîâàííûõ ïîëåé ðàññìàòðèâàëèñü â êà÷åñòâå ìàòåðèè, îáåñ-

ïå÷èâàþùåé ñóùåñòâîâàíèå êðîòîâûõ íîð â ðàáîòàõ [1�4].

Îñíîâíàÿ òðóäíîñòü òåîðèè ïîëóêëàññè÷åñêîé ãðàâèòàöèè ñîñòîèò â òîì, ÷òî ýôôåêòû êâàí-

òîâàíèÿ ãðàâèòàöèîííîãî ïîëÿ èãíîðèðóþòñÿ. Ïîïóëÿðíîå ðåøåíèå ýòîé ïðîáëåìû � ýòî ïðåäåë

áîëüøîãî ÷èñëà ìàòåðèàëüíûõ ïîëåé, ïðè ýòîì âêëàäîì ãðàâèòàöèîííîãî ïîëÿ ìîæíî ïðåíåáðå÷ü

ïî ñðàâíåíèþ ñ âêëàäîì â ïðàâóþ ÷àñòü óðàâíåíèé (I) äðóãèõ êâàíòîâàííûõ ïîëåé. Äðóãàÿ ïðîáëå-

ìà òàêîé òåîðèè çàêëþ÷àåòñÿ â òîì, ÷òî ýôôåêòû ïîëÿðèçàöèè âàêóóìà îïðåäåëÿþòñÿ, êàê ïðà-

âèëî, òîïîëîãè÷åñêèìè è ãåîìåòðè÷åñêèìè ñâîéñòâàìè ïðîñòðàíñòâà�âðåìåíè â öåëîì è âûáîðîì
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êâàíòîâîãî ñîñòîÿíèÿ, â êîòîðîì âàêóóìíûå ñðåäíèå âû÷èñëÿþòñÿ. Ýòî îçíà÷àåò, ÷òî âû÷èñëåíèå

ôóíêöèîíàëüíîé çàâèñèìîñòè 〈Tµν 〉ren îò ìåòðè÷åñêîãî òåíçîðà, êîòîðûé äîëæåí áûòü îïðåäåëåí

èç óðàâíåíèé (I), ïðåäñòàâëÿåò îãðîìíóþ òðóäíîñòü. Òîëüêî â íåêîòîðûõ ïðîñòðàíñòâàõ�âðåìåíàõ

ñ âûñîêîé ñòåïåíüþ ñèììåòðèè äëÿ êîíôîðìíî èíâàðèàíòíûõ ïîëåé 〈Tµν〉ren òàêèå âû÷èñëåíèÿ

áûëè ïðîäåëàíû, à óðàâíåíèÿ (I) ðåøåíû [5�9].

×èñëåííûå âû÷èñëåíèÿ 〈Tµν 〉ren îáû÷íî ÷ðåçâû÷àéíî òðóäîåìêè [10�17]. Â íåêîòîðûõ ñëó÷àÿõ

〈Tµν〉ren îïðåäåëÿåòñÿ ëîêàëüíûìè ñâîéñòâàìè ïðîñòðàíñòâà�âðåìåíè, è ìîæíî ïðèáëèçèòåëüíî

âû÷èñëèòü ôóíêöèîíàëüíóþ çàâèñèìîñòü 〈Tµν〉ren îò ìåòðè÷åñêîãî òåíçîðà. Îäíèì èç íàèáîëåå

øèðîêî èçâåñòíûõ ïðèìåðîâ òàêîé ñèòóàöèè ÿâëÿåòñÿ ñëó÷àé âåñüìà ìàññèâíîãî ïîëÿ. Â ýòîì

ñëó÷àå ìàññà ïîëÿ m ìíîãî áîëüøå 1/l, ãäå l � õàðàêòåðíûé ìàñøòàá êðèâèçíû ïðîñòðàíñòâà�

âðåìåíè
1

ml
� 1, (II)

è 〈Tµν 〉ren ìîæíî ðàçëîæèòü ïî ýòîìó ìàëîìó ïàðàìåòðó [18�24].

Òàêæå áûëè ïðîâåäåíû ïðèáëèæåííûå âû÷èñëåíèÿ 〈Tµν 〉 äëÿ áåçìàññîâûõ êâàíòîâàííûõ ïî-

ëåé, íåêîíôîðìíî ñâÿçàííûõ ñ êðèâèçíîé ïðîñòðàíñòâà�âðåìåíè. Ïðèìåðàìè òàêèõ âû÷èñëåíèé

â ñòàòè÷åñêèõ ïðîñòðàíñòâàõ Ýéíøòåéíà (Rµν = Λgµν) ÿâëÿþòñÿ ïðèáëèæåíèÿ Ïýéäæà, Áðàóíà è

Îòòåâèëëà [25�27]. Ýòè ðåçóëüòàòû áûëè îáîáùåíû íà ïðîèçâîëüíûå ñòàòè÷åñêèå ïðîñòðàíñòâà�

âðåìåíà Çàííèàñîì [28]. Äðóãîé ïîäõîä ê ïîëó÷åíèþ ïðèáëèæåííûõ âûðàæåíèé äëÿ 〈Tµν 〉 äëÿ
êîíôîðìíî ñâÿçàííûõ ñ êðèâèçíîé áåçìàññîâûõ ïîëåé â ñòàòè÷åñêèõ ïðîñòðàíñòâàõ�âðåìåíàõ áûë

ïðåäëîæåí Ôðîëîâûì è Çåëüíèêîâûì [29]. Èõ ðàñ÷åòû îñíîâûâàëèñü, ãëàâíûì îáðàçîì, íà ãåî-

ìåòðè÷åñêèõ àðãóìåíòàõ è îáùèõ ñâîéñòâàõ òåíçîðà ýíåðãèè�èìïóëüñà, à íå íà òåîðèè ïîëÿ. Ïîçä-

íåå, ñ èñïîëüçîâàíèåì ìåòîäîâ êâàíòîâîé òåîðèè ïîëÿ, Àíäåðñîíîì, Õè÷êîêîì è Ñàìóýëåì áûëè

ïîëó÷åíû âûðàæåíèÿ äëÿ 〈ϕ2〉 è 〈Tµν 〉 êâàíòîâàííîãî ñêàëÿðíîãî ïîëÿ â ñòàòè÷åñêèõ ñôåðè÷åñêè�
ñèììåòðè÷íûõ àñèìïòîòè÷åñêè ïëîñêèõ ïðîñòðàíñòâàõ�âðåìåíàõ [10]. Îíè ïðåäïîëàãàëè, ÷òî ïîëå

ìîæåò íàõîäèòüñÿ â âàêóóìíîì êâàíòîâîì ñîñòîÿíèè ñ íóëåâîé èëè íåíóëåâîé òåìïåðàòóðîé, ìî-

æåò áûòü ìàññèâíûì èëè áåçìàññîâûì è èìåòü ïðîèçâîëüíóþ êîíñòàíòó ñâÿçè ξ ïîëÿ ñ êðèâèçíîé.

Èõ ðåçóëüòàò áûë ïðåäñòàâëåí â âèäå ñóììû äâóõ ÷àñòåé: ÷èñëåííîé è àíàëèòè÷åñêîé

〈Tµν 〉ren = 〈Tµν 〉numeric + 〈Tµν 〉analytic. (III)

Àíàëèòè÷åñêàÿ ÷àñòü ýòîãî âûðàæåíèÿ ñîõðàíÿåòñÿ. Îíà èìååò ñëåä ðàâíûé ñëåäó êîíôîðìíîé

àíîìàëèè äëÿ êîíôîðìíî èíâàðèàíòíîãî ïîëÿ. Ïî ýòîé ïðè÷èíå áûëî ïðåäëîæåíî èñïîëüçîâàòü

〈Tµν 〉analytic êàê ïðèáëèæåíèå äëÿ 〈Tµν 〉ren. Àíàëîãè÷íûé ðåçóëüòàò áûë ïîëó÷åí Ãðîâñîì, Àíäåðñî-
íîì è Êàðëñîíîì [30] â ñëó÷àå áåçìàññîâîãî ïîëÿ ñî ñïèíîì ðàâíûì 1/2 â ñòàòè÷åñêèõ ñôåðè÷åñêè

ñèììåòðè÷íûõ ïðîñòðàíñòâàõ�âðåìåíàõ.

Â [31] 〈Tµν 〉ren ïîëó÷åí äëÿ ìàññèâíîãî ñêàëÿðíîãî ïîëÿ ñ ïðîèçâîëüíîé ñâÿçüþ ñ ãðàâèòà-

öèîííûì ïîëåì òî÷å÷íîãî ãëîáàëüíîãî ìîíîïîëÿ. Â ýòîé ðàáîòå èñïîëüçîâàëîñü ïðèáëèæåíèå

Øâèíãåðà-Äåâèòòà äî âòîðîãî ïîðÿäêà ìàëîñòè ïî ïàðàìåòðó (II).

Ïîä÷åðêíåì, ÷òî åäèíñòâåííûì ïàðàìåòðîì ðàçìåðíîñòè äëèíû â çàäà÷å (I) ÿâëÿåòñÿ ïëàí-

êîâñêàÿ äëèíà lPl. Ýòî îçíà÷àåò, ÷òî õàðàêòåðíûé ìàñøòàá l êðèâèçíû ïðîñòðàíñòâà�âðåìåíè (êî-

òîðûé ñîîòâåòñòâóåò ðåøåíèþ óðàâíåíèé (I)) ìîæåò îòëè÷àòüñÿ îò lPl òîëüêî ïðè íàëè÷èè áîëü-

øîãî áåçðàçìåðíîãî ïàðàìåòðà. Â êà÷åñòâå ïðèìåðà òàêîãî ïàðàìåòðà ìîæíî ðàññìîòðåòü ÷èñëî

ïîëåé, ïîëÿðèçàöèÿ êîòîðûõ ÿâëÿåòñÿ èñòî÷íèêîì èñêðèâëåíèÿ ïðîñòðàíñòâà�âðåìåíè1. Â ñëó÷àå

ìàññèâíîãî ïîëÿ ñóùåñòâîâàíèå äîïîëíèòåëüíîãî ïàðàìåòðà 1/m ðàçìåðíîñòè äëèíû íå óâåëè-

÷èâàåò õàðàêòåðíûé ìàñøòàá êðèâèçíû ïðîñòðàíñòâà�âðåìåíè l, êîòîðûé ñîîòâåòñòâóåò ðåøåíèþ

óðàâíåíèé (I)2. Äëÿ áåçìàññîâûõ êâàíòîâàííûõ ïîëåé òàêèì ïàðàìåòðîì ìîãóò áûòü êîíñòàíòû

1çäåñü è íèæå ïðåäïîëàãàåòñÿ, êîíå÷íî, ÷òî õàðàêòåðíûé ìàñøòàá èçìåíåíèÿ ôîíîâîãî ãðàâèòàöèîííîãî ïîëÿ
ìíîãî áîëüøå lPl, òàê ÷òî ñàìî ïîíÿòèå êëàññè÷åñêîãî ïðîñòðàíñòâà�âðåìåíè âñå åùå èìååò ñìûñë.

2õàðàêòåðíûé ìàñøòàá êîìïîíåíòîâ Gµν â ëåâîé ÷àñòè óðàâíåíèé (I) ðàâåí 1/l2, â ïðàâîé ÷àñòè - lPl2/(m2l6)
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ñâÿçè ïîëÿ ñ êðèâèçíîé ïðîñòðàíñòâà-âðåìåíè [4]. Äðóãîé âîçìîæíîñòüþ ââåäåíèÿ äîïîëíèòåëüíî-

ãî ïàðàìåòðà â çàäà÷ó (I) ÿâëÿåòñÿ ðàññìîòðåíèå íåíóëåâîé òåìïåðàòóðû êâàíòîâîãî ñîñòîÿíèÿ äëÿ

êâàíòîâàííîãî ïîëÿ. Èçâåñòíî (ñì., íàïðèìåð, [32]), ÷òî â âûñîêîòåìïåðàòóðíîì ïðåäåëå (êîãäà

T � 1/l, T � òåìïåðàòóðà òåïëîâîãî êâàíòîâîãî ñîñòîÿíèÿ) 〈Tµν 〉 äëÿ òàêîãî òåïëîâîãî ñîñòîÿíèÿ

ïðîïîðöèîíàëüíà ÷åòâåðòîé ñòåïåíè òåìïåðàòóðû T .

Â ýòîé ðàáîòå ïîëó÷åíî ïðèáëèæåííîå âûðàæåíèå äëÿ 〈ϕ2〉ren êâàíòîâàííîãî ñêàëÿðíîãî ïîëÿ
â ïðîñòðàíñòâå�âðåìåíè êðîòîâîé íîðû ñ áåñêîíå÷íî êîðîòêîé ãîðëîâèíîé â ïðåäïîëîæåíèè î òîì,

÷òî ïîëå ÿâëÿåòñÿ áåçìàññîâûì, èìååò ïðîèçâîëüíóþ ñâÿçü ñî ñêàëÿðíîé êðèâèçíîé ïðîñðàíñòâà�

âðåìåíè è íàõîäèòñÿ â òåïëîâîì êâàíòîâîì ñîñòîÿíèè ñ ïðîèçâîëüíîé òåìïåðàòóðîé.

Íà ïðîòÿæåíèè âñåé ðàáîòû áóäóò èñïîëüçîâàòüñÿ ñèñòåìà åäèíèö, â êîòîðîé ~ = c = G =

kB = 1.

1. Íåïåðåíîðìèðîâàííîå âûðàæåíèå
〈
ϕ2
〉

Ìåòðèêà ñòàòè÷åñêîãî ñôåðè÷åñêè ñèììåòðè÷íîãî ïðîñòðàíñòâå�âðåìåíè êðîòîâîé íîðû ñ

áåñêîíå÷íî êîðîòêîé ãîðëîâèíîé, àíàëèòè÷åñêè ïðîäîëæåííàÿ â åâêëèäîâî ïðîñòðàíñòâî, èìååò

âèä

ds2 = dτ2 + dρ2 + (|ρ|+ a)2(dθ2 + sin2 θ dϕ2), (1.1)

ãäå τ � åâêëèäîâî âðåìÿ (τ = −it, ãäå t êîîðäèíàòà, ñîîòâåòñòâóþùàÿ âðåìåíèïîäîáíîìó âåêòîðó
Êèëëèíãà, êîòîðûé âñåãäà ñóùåñòâóåò â ñòàòè÷åñêîì ïðîñòðàíñòâå�âðåìåíè).

Âàêóóìíîå ñðåäíåå îïåðàòîðà φ2 êâàíòîâàííîãî ñêàëÿðíîãî ïîëÿ φ ìîæåò áûòü âû÷èñëåíî ñ

èñïîëüçîâàíèåì ìåòîäà ðàçäâèæêè òî÷åê [33,34] èç åâêëèäîâîé ôóíêöèè Ãðèíà GE(x; x) ñëåäóþ-

ùèì îáðàçîì

〈φ2(x, x̃)〉unren = GE(x, x̃), (1.2)

ãäå GE(x, x̃) óäîâëåòâîðÿåò óðàâíåíèþ

[�x − ξR(x)]GE(x, x̃) = − δ
4(x, x̃)√
|g(x)|

, (1.3)

�x = gµν(x)∇µ∇ν âû÷èñëÿåòñÿ äëÿ ìåòðèêè (1.1), ξ � êîíñòàíòà ñâÿçè ñêàëÿðíîãî ïîëÿ φ ñ

êðèâèçíîé R ïðîñòðàíñòâà�âðåìåíè. Â ïðîñòðàíñòâå�âðåìåíè (1.1) ìîæíî çàïèñàòü
δ4(x, x̃)√
g(x)

êàê

δ(τ − τ̃)δ(r, r̃)δ(Ω, Ω̃)

r2
. Äåëüòà�ôóíêöèÿ δ(Ω, Ω̃) ìîæåò áûòü ðàçëîæåíà ïî ïîëèíîìàì Ëåæàíäðà Pl

δ(Ω, Ω̃) =
∑
l,m

Ylm(Ω)Y ∗lm(Ω̃) =
1

4π

∞∑
l=0

(2l + 1)Pl(cos γ), (1.4)

ãäå cos γ ≡ cos θ cos θ̃ + sin θ sin θ̃ cos(φ− φ̃).

Â ýòîé ðàáîòå ïðåäïîëàãàåòñÿ, ÷òî ïîëå íàõîäèòñÿ â âàêóóìíîì ñîñòîÿíèè ñ íåíóëåâîé òåì-

ïåðàòóðîé, îïðåäåëÿåìîì ïî îòíîøåíèþ ê âðåìåíèïîäîáíîìó âåêòîðó Êèëëèíãà. Â ýòîì ñëó÷àå

ôóíêöèÿ Ãðèíà ÿâëÿåòñÿ ïåðèîäè÷åñêîé ïî τ − τ̃ ñ ïåðèîäîì 1

T
, ãäå T � òåìïåðàòóðà ïîëÿ. Â ýòîì

ñëó÷àå δ(τ − τ̃) èìååò âèä

δ(τ − τ̃) = T

∞∑
n=−∞

ein2πT (τ−τ̃). (1.5)
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Òîãäà

GE(x; x̃) =
T

4π

∞∑
n=−∞

ein2πT (τ−τ̃)
∞∑
l=0

(2l + 1)Pl(cos γ)gnl(ρ, ρ̃) =

=
T

4π

∞∑
l=0

(2l + 1)Pl(cos γ) g0l(ρ, ρ̃) +

+
T

2π

∞∑
n=1

cos[ 2πnT (τ − τ̃)]

∞∑
l=0

(2l + 1)Pl(cos γ) gnl(ρ, ρ̃), (1.6)

ãäå gnl(ρ, ρ̃) óäîâëåòâîðÿåò óðàâíåíèþ{
d2

dρ2
+

2

(|ρ|+ a)

d(|ρ|+ a)

dρ

d

dρ
−
[
(2πnT )2 +

l(l + 1)

(|ρ|+ a)2
+ ξR

]}
gnl(ρ, ρ̃) = − δ(ρ, ρ̃)

(|ρ|+ a)2
. (1.7)

Èñïîëüçóÿ ðåçóëüòàòû ðàáîòû [35], ïîëó÷èì ïðè ρ > ρ̃, n 6= 0

gnl(ρ, ρ̃) =
Kν

(
k(a+ ρ)

)
Iν

(
k(a+ ρ̃)

)
√

(a+ ρ)(a+ ρ̃)
−

−
(8ξ − 1)Iν(x)Kν(x) + x

(
I

′

ν(x)Kν(x) + Iν(x)K
′

ν(x)
)

(8ξ − 1)K2
ν (x) + 2xK ′

ν(x)Kν(x)

Kν

(
k(a+ ρ)

)
Kν

(
k(a+ ρ̃)

)
√

(a+ ρ)(a+ ρ̃)
(1.8)

Ïðåäñòàâèì gnl(ρ, ρ̃) â âèäå

gnl(ρ, ρ̃) = gMnl (ρ, ρ̃) + gInl(ρ, ρ̃), (1.9)

ãäå

gMnl (ρ, ρ̃) =
Kν

(
k(a+ ρ)

)
Iν

(
k(a+ ρ̃)

)
√

(a+ ρ)(a+ ρ̃)

gInl(ρ, ρ̃) = −
(8ξ − 1)Iν(x)Kν(x) + x

(
I

′

ν(x)Kν(x) + Iν(x)K
′

ν(x)
)

(8ξ − 1)K2
ν (x) + 2xK ′

ν(x)Kν(x)

Kν

(
k(a+ ρ)

)
Kν

(
k(a+ ρ̃)

)
√

(a+ ρ)(a+ ρ̃)

Ðåøåíèå óðàâíåíèÿ (1.7) ïðè n = 0, ρ > ρ̃ èìååò âèä

g0l(ρ, ρ̃) = gM0l (ρ, ρ̃) + gI0l(ρ, ρ̃), (1.10)

ãäå

gM0l (ρ, ρ̃) =
(ρ+ a)−(l+1)(ρ̃+ a)l

2l + 1
,

gI0l(ρ, ρ̃) = −a
2l+1(1− 8ξ)(ρ+ a)−l−1(ρ̃+ a)−l−1

2(2l + 1)(l − 4ξ + 1)

Â äàëüíåéøåì áóäåì ñ÷èòàòü θ = θ̃, ϕ = ϕ̃. Â ýòîì ñëó÷àå cos(γ) = 1 è Pl(1) = 1. Òîãäà (1.6)

ïðèìåò âèä

GE(x; x̃) =
T

4π

∞∑
l=0

(2l + 1) g0l(ρ, ρ̃) +
T

2π

∞∑
n=1

cos[ 2πnT (τ − τ̃)]

∞∑
l=0

(2l + 1) gnl(ρ, ρ̃). (1.11)

Ïðåäñòàâèì GE(x; x̃) â âèäå

GE(x; x̃) = GE0(x; x̃) +GEn(x; x̃), (1.12)
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ãäå GE0(x; x̃) åñòü ïåðâàÿ ñóììà â (1.11), à GEn(x; x̃) ïîñëåäíÿÿ äâîéíàÿ ñóììà â (1.11). Ïðåäñòàâèì

òàêæå êàæäîå èç ýòèõ ñëàãàåìûõ â âèäå

GE0(x; x̃) = GME0(x; x̃) +GIE0(x; x̃), n = 0,

GEn(x; x̃) = GMEn(x; x̃) +GIEn(x; x̃), n 6= 0, (1.13)

à îïðåäåëåíèÿ GME0(x; x̃), GIE0(x; x̃), GMEn(x; x̃) è GIEn(x; x̃) äàíû íèæå. Îïðåäåëèì

GMEn(τ, ρ; τ̃ , ρ̃) ≡ T

2π

∞∑
n=1

cos
[
2πnT (τ − τ̃)

] ∞∑
l=0

(2l + 1) gMnl (ρ, ρ̃). (1.14)

Èñïîëüçóÿ òåîðåìó ñóììèðîâàíèÿ äëÿ ôóíêöèé Áåññåëÿ [36] è âûïîëíèâ ñóììèðîâàíèå ïî n â

(1.14), ïîëó÷èì ïðè τ − τ̃ = 0

GMEn(ρ; ρ̃) =
1

4π2(ρ− ρ̃)2
− T

4π(ρ− ρ̃)
+
T 2

12
− T 4π2(ρ− ρ̃)2

180
+O((ρ− ρ̃)3) (1.15)

Òîãäà îïðåäåëåíèå GIEn(τ, ρ; τ̃ , ρ̃) èìåò âèä

GIEn(τ, ρ; τ̃ , ρ̃) = − T

2π

∞∑
ñ=1

cos
[
2πnT (τ − τ̃)

] ∞∑
l=0

(2l + 1)gInl(ρ, ρ̃) =

= − T

2π

∞∑
n=1

cos
[
2πnT (τ − τ̃)

] ∞∑
l=0

(2l + 1)
Kν

(
k(a+ ρ)

)
Kν

(
k(a+ ρ̃)

)
√

(a+ ρ)(a+ ρ̃)
×

×
(8ξ − 1)Iν(ka)Kν(ka) + ka

(
I

′

ν(ka)Kν(ka) + Iν(ka)K
′

ν(ka)
)

(8ξ − 1)K2
ν (ka) + 2kaK ′

ν(ka)Kν(ka)
(1.16)

Ñëåäîâàòåëüíî

GEn(τ, ρ; τ̃ , ρ̃) = GMEn(ρ; ρ̃) +GIEn(τ, ρ; τ̃ , ρ̃) =
1

4π2(ρ− ρ̃)2
− T

4π(ρ− ρ̃)
+
T 2

12
−

−T
4π2(ρ− ρ̃)2

180
− T

2π

∞∑
n=1

cos
[
2πnT (τ − τ̃)

] ∞∑
l=0

(2l + 1)
Kν

(
k(a+ ρ)

)
Kν

(
k(a+ ρ̃)

)
√

(a+ ρ)(a+ ρ̃)
×

×
(8ξ − 1)Iν(ka)Kν(ka) + ka

(
I

′

ν(ka)Kν(ka) + Iν(ka)K
′

ν(ka)
)

(8ξ − 1)K2
ν (ka) + 2kaK ′

ν(ka)Kν(ka)
+O((ρ− ρ̃)3). (1.17)

Èñïîëüçóÿ (1.10) îáîçíà÷èì

GME0(ρ, ρ̃) ≡ T

4π

∞∑
l=0

(2l + 1) gM0l (ρ, ρ̃) =
T

4π

∞∑
l=0

(ρ+ a)−(l+1)(ρ̃+ a)l =
T

4π(ρ− ρ̃)
, (1.18)

GIE0(ρ, ρ̃) ≡ T

4π

∞∑
l=0

(2l + 1) gI0l(ρ, ρ̃) = − T

8π

∞∑
l=0

a2l+1(1− 8ξ)(ρ+ a)−l−1(ρ̃+ a)−l−1

(l − 4ξ + 1)
. (1.19)

Òîãäà

GME (ρ, ρ̃) = GME0(ρ, ρ̃) +GMEn(ρ, ρ̃) =

=
1

4π2(ρ− ρ̃)2
+
T 2

12
− T 4π2(ρ− ρ̃)2

180
+O((ρ− ρ̃)3), (1.20)

GIE(τ, ρ, τ̃ , ρ̃) = GIE0(ρ, ρ̃) +GIEn(τ, ρ, τ̃ , ρ̃) = − T

8π

∞∑
l=0

a2l+1(1− 8ξ)(ρ+ a)−l−1(ρ̃+ a)−l−1

(l − 4ξ + 1)
−

− T

2π

∞∑
n=1

cos
[
2πnT (τ − τ̃)

] ∞∑
l=0

(2l + 1)
Kν

(
k(a+ ρ)

)
Kν

(
k(a+ ρ̃)

)
√

(a+ ρ)(a+ ρ̃)
×

×
(8ξ − 1)Iν(ka)Kν(ka) + ka

(
I

′

ν(ka)Kν(ka) + Iν(ka)K
′

ν(ka)
)

(8ξ − 1)K2
ν (ka) + 2kaK ′

ν(ka)Kν(ka)
. (1.21)
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Îêîí÷àòåëüíî

GE(τ, ρ, τ̃ , ρ̃) = GIE(τ, ρ, τ̃ , ρ̃) +GME (ρ, ρ̃). (1.22)

Òîãäà âûðàæåíèå (1.6) ìîæíî ïåðåïèñàòü â âèäå

GE(τ, ρ; τ, ρ̃) =
1

4π2(ρ− ρ̃)2
+
T 2

12
− T 4π2(ρ− ρ̃)2

180
−

− T

8π

∞∑
l=0

a2l+1(1− 8ξ)(ρ+ a)−l−1(ρ̃+ a)−l−1

(l − 4ξ + 1)
− T

2π

∞∑
n=1

cos
[
2πnT (τ − τ̃)

]
×

×
∞∑
l=0

(2l + 1)
(8ξ − 1)Iν(ka)Kν(ka) + ka

(
I

′

ν(ka)Kν(ka) + Iν(ka)K
′

ν(ka)
)

(8ξ − 1)K2
ν (ka) + 2kaK ′

ν(ka)Kν(ka)
×

×
Kν

(
k(a+ ρ)

)
Kν

(
k(a+ ρ̃)

)
√

(a+ ρ)(a+ ρ̃)
+O((ρ− ρ̃)3). (1.23)

Îòìåòèì, ÷òî GME (ρ, ρ̃) ñîâïàäàåò ñ ñîîòâåòñòâóþùåé ôóíêöèåé Ãðèíà ïðîñòðàíñòâà�âðåìåíè Ìèí-

êîâñêîãî.

2. Ïåðåíîðìèðîâêà 〈φ2〉 è àíàëèç ðåçóëüòàòà

Â ìåòîäå ðåãóëÿðèçàöèè ðàçäâèæêîé òî÷åê ïðîöåäóðà ïåðåíîðìèðîâêè ñîñòîèò â âû÷èòàíèè

èç GE(xi, x̃i) êîíòð÷ëåíà GDS [34], êîòîðûé â ïðîñòðàíñòâå (1.1) äëÿ xi − x̃i = δiρ(ρ− ρ̃) ðàâåí

GDS =
1

4π2(ρ− ρ̃)2
, (2.1)

è íàõîæäåíèþ ïðåäåëà ñîâïàäàþùèõ òî÷åê. Âñå ðàñõîäèìîñòè GE ñîâïàäàþò ñ ðàñõîäèìîñòÿìè

GME . Ïîýòîìó ââåäåì

GME_ren = lim
ρ̃→ρ

(
GME −GDS

)
. (2.2)

Òîãäà â îáëàñòè ρ > 0

a2〈φ2〉ren = a2GE_ren = a2 lim
ρ̃→ρ

(
GME_ren +GIE

)
=
a2T 2

12
+ lim
ρ̃→ρ

GIE =

=
τ2

48π2
− τ

16π2

∞∑
l=0

(1− 8ξ)

(l − 4ξ + 1)(x+ 1)2l+2
− τ

2π2(x+ 1)

∞∑
n=1

∞∑
l=0

(
l +

1

2

)
×

×
(8ξ − 1)Iν(τn)Kν(τn) + τn

(
I

′

ν(τn)Kν(τn) + Iν(τn)K
′

ν(τn)
)

(8ξ − 1)K2
ν (τn) + 2τnK ′

ν(τn)Kν(τn)
×

×
[
Kν

(
τn(x+ 1)

)]2
, x = ρ/a, τ = 2πTa. (2.3)

Â ïðåäåëå ρ→∞

〈φ2〉ren '
T 2

12
+

Ta (ξ − 1/8)

4π (ξ − 1/4) ρ2
. (2.4)

Ïðè T = 0

a2〈φ2〉ren = − 1

2π2(1 + x)

∞∫
0

dy

∞∑
l=0

ν
(8ξ − 1)Iν(y)Kν(y) + y

(
I

′

ν(y)Kν(y) + Iν(y)K
′

ν(y)
)

(8ξ − 1)K2
ν (y) + 2yK ′

ν(y)Kν(y)[
Kν

(
y(1 + x)

)]2
, x = ρ/a, y = ka, ν = l + 1/2 (2.5)

ðåçóëüòàò ñîâïàäàåò ñ ðåçóëüòàòîì ðàáîòû [35]. Â ñèëó ñèììåòðèè ðåçóëüòàò ñïðàâåäëèâ è â îáëàñòè

ρ < 0.
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Ðèñ. 1. Ãðàôèêè ôóíêöèè (2.3) äëÿ ξ = 1/5, 1/8 è τ = 2πTa = 0.01, 5, 10 îò x = ρ/a.

Ðèñ. 2. Ãðàôèêè ôóíêöèè (2.3) äëÿ ξ = 1/6, 0 è τ = 2πTa = 0.01, 5, 10 îò x = ρ/a.

Çàêëþ÷åíèå

Ïîëó÷åíî âûðàæåíèå è ïðîâåäåíû ÷èñëåííûå ðàñ÷åòû êâàäðàòà âàêóóìíûõ ôëóêòóàöèé

〈ϕ2〉ren êâàíòîâàííîãî ñêàëÿðíîãî ïîëÿ â ïðîñòðàíñòâå�âðåìåíè êðîòîâîé íîðû ñ áåñêîíå÷íî êî-

ðîòêîé ãîðëîâèíîé â ïðåäïîëîæåíèè î òîì, ÷òî ïîëå ÿâëÿåòñÿ áåçìàññîâûì, èìååò ïðîèçâîëüíóþ

ñâÿçü ñî ñêàëÿðíîé êðèâèçíîé è íàõîäèòñÿ â òåïëîâîì êâàíòîâîì ñîñòîÿíèè ñ ïðîèçâîëüíîé òåì-

ïåðàòóðîé.

Áëàãîäàðíîñòè

Ðàáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè ïðîãðàììû ðàçâèòèÿ Íàó÷íî�îáðàçîâàòåëüíîãî ìà-

òåìàòè÷åñêîãî öåíòðà Ïðèâîëæñêîãî ôåäåðàëüíîãî îêðóãà, ñîãëàøåíèå � 075-02-2022-882

Ñïèñîê ëèòåðàòóðû

1. Morris M.S. and Thorne K.S. Wormholes in spacetime and their use for interstellar travel: A tool for teaching

general relativity. American Journal of Physics, 1988, vol. 56, no. 5, pp. 395�399. https://doi.org/10.1119/

1.15620

https://doi.org/10.1119/1.15620
https://doi.org/10.1119/1.15620


50 Ä.Ñ. Ëèñåíêîâ, À.À. Ïîïîâ

2. Sushkov S.V. A selfconsistent semiclassical solution with a throat in the theory of gravity. Physics Letters A,

1992, vol. 164, pp. 33�37. https://doi.org/10.1016/0375-9601(92)90901-W

3. Hochberg D., Popov A. and Sushkov S. V. Self-consistent wormhole solutions of semiclassical gravity. Physical

Review Letters, 1997, vol. 78, no. 11, pp. 2050�2053. https://doi.org/10.1103/PhysRevLett.78.2050

4. Popov A. Long throat of a wormhole created from vacuum �uctuations. Classical and Quantum Gravity,

2005, vol. 22, no. 24, pp. 5223�5230. https://doi.org/10.1088/0264-9381/22/24/002

5. Starobinsky A.A. A new type of isotropic cosmological models without singularity. Physics Letters B, 1980,

vol. 91, pp. 99�102. https://doi.org/10.1016/0370-2693(80)90670-X

6. Mamayev S.G. Mostepanenko V.M. Isotropic cosmological models determined by vacuum quantum e�ects.

Journal of Experimental and Theoretical Physics, 1980, vol. 78, pp. 20�27.

7. Kofman L.A., Sakhni V. Starobinskii A.A. Anisotropic cosmological model created by quantum polarization

of vacuum. Journal of Experimental and Theoretical Physics, 1983, vol. 58, pp. 1090�1095.

8. Kofman L.A., Sahni V. A new self-consistent solution of the Einstein equations with one-loop quantum-

gravitational corrections. Physics Letters B, 1983, vol. 127, pp. 197�200. https://doi.org/10.1016/

0370-2693(83)90875-4

9. Kofman L.A., Sahni V. Some self-consistent solutions of the Einstein equations with one-loop quantum

gravitational corrections: Gik = 8πG〈Tik〉vac. Physics Letters A, 1986, vol. 117, pp. 275�278. https://doi.

org/10.1016/0375-9601(86)90388-9

10. Anderson P.R., Hiscock W.A. and Samuel D.A. Stress-energy tensor of quantized scalar �elds in static

spherically symmetric spacetimes. Physical review. D, Particles and �elds, 1995, vol. 51, pp. 4337�4358. https:

//doi.org/10.1103/PhysRevD.51.4337

11. Howard K.W. and Candelas P. Quantum stress tensor in Schwarzschild space-time. Physical Review Letters,

1984, vol. 53, pp. 403�406. https://doi.org/10.1103/PhysRevLett.53.403

12. Candelas P. Vacuum polarization in Schwarzschild spacetime. Physical Review D, 1980, vol. 21, no. 8,

pp. 2185�2202. https://doi.org/10.1103/PhysRevD.21.2185

13. Fawcett M.S. The Energy-Momentum Tensor near a Black Hole. Communications in Mathematical Physics,

1983, vol. 89, pp. 103�115. https://doi.org/10.1007/BF01219528

14. Jensen B.P. and Ottewill A. Renormalized electromagnetic stress tensor in Schwarzschild spacetime. Physical

Review D, 1989, vol. 39, pp. 1130�1138. https://doi.org/10.1103/PhysRevD.39.1130

15. Jensen B.P., Mc Laughlin J.G. and Ottewill A.C. Anisotropy of the quantum thermal state in schwarzschild

space-time. Physical Review D, 1992, vol. 45, pp. 3002�3005. https://doi.org/10.1103/PHYSREVD.45.3002

16. Anderson P.R., Hiscock W.A. and Loranz D.J. Semiclassical stability of the extreme Reissner-Nordström

black hole. Physical review letters, 1995, vol. 74, pp. 4365�4368. https://doi.org/10.1103/physrevlett.74.

4365

17. Bezerra de Mello E.R., Bezerra V.B. and Khusnutdinov N.R. Vacuum polarization of a massless spinor

�eld in global monopole spacetime. Physical Review D, 1999, vol. 60, pp. 063506�063514. https://doi.org/

10.1103/PhysRevD.60.063506

18. Frolov V.P. and Zel'nikov A.I. Vacuum polarization by a massive scalar �eld in Schwarzschild spacetime.

Physics Letters B, 1982, vol. 115, pp. 372�374. https://doi.org/10.1016/0370-2693(82)90520-2

19. Frolov V.P. and Zel'nikov A.I. Vacuum polarization of massive �elds in Kerr spacetime. Physics Letters B,

1983, vol. 123, pp. 197�199. https://doi.org/10.1016/0370-2693(83)90421-5

20. Frolov V.P. and Zel'nikov A.I. Vacuum polarization of massive �elds near rotating black holes. Physical

Review D, 1984, vol. 29, pp. 1057�1066. https://doi.org/10.1103/PHYSREVD.29.1057

21. Herman R. Method for calculating the imaginary part of the Hadamard Elementary function G(1) in static,

spherically symmetric spacetimes. Physical Review D, 1998, vol. 58, pp. 084028�084038. https://doi.org/10.

1103/PhysRevD.58.084028

22. Matyjasek J. Stress-energy tensor of neutral massive �elds in the Reissner-Nordstrom spacetime. Physical

Review D, 2000, vol. 61, pp. 124019�124028. https://doi.org/10.1103/PhysRevD.61.124019

23. Koyama H., Nambu Y. and Tomimatsu A. Vacuum polarization of massive scalar �elds on the black hole

horizon.Modern Physics Letters A, 2000, vol. 15, pp. 815�824. https://doi.org/10.1142/S0217732300000803

24. Matyjasek J. Vacuum polarization of massive scalar �elds in the spacetime of the electrically charged

nonlinear black hole. Physical Review D, 2001, vol. 63, pp. 084004�084014. https://doi.org/10.1103/

PhysRevD.63.084004

https://doi.org/10.1016/0375-9601(92)90901-W
https://doi.org/10.1103/PhysRevLett.78.2050
https://doi.org/10.1088/0264-9381/22/24/002
https://doi.org/10.1016/0370-2693(80)90670-X
https://doi.org/10.1016/0370-2693(83)90875-4
https://doi.org/10.1016/0370-2693(83)90875-4
https://doi.org/10.1016/0375-9601(86)90388-9
https://doi.org/10.1016/0375-9601(86)90388-9
https://doi.org/10.1103/PhysRevD.51.4337
https://doi.org/10.1103/PhysRevD.51.4337
https://doi.org/10.1103/PhysRevLett.53.403
https://doi.org/10.1103/PhysRevD.21.2185
https://doi.org/10.1007/BF01219528
https://doi.org/10.1103/PhysRevD.39.1130
https://doi.org/10.1103/PHYSREVD.45.3002
https://doi.org/10.1103/physrevlett.74.4365
https://doi.org/10.1103/physrevlett.74.4365
https://doi.org/10.1103/PhysRevD.60.063506
https://doi.org/10.1103/PhysRevD.60.063506
https://doi.org/10.1016/0370-2693(82)90520-2
https://doi.org/10.1016/0370-2693(83)90421-5
https://doi.org/10.1103/PHYSREVD.29.1057
https://doi.org/10.1103/PhysRevD.58.084028
https://doi.org/10.1103/PhysRevD.58.084028
https://doi.org/10.1103/PhysRevD.61.124019
https://doi.org/10.1142/S0217732300000803
https://doi.org/10.1103/PhysRevD.63.084004
https://doi.org/10.1103/PhysRevD.63.084004


Ïîëÿðèçàöèÿ âàêóóìà êâàíòîâàííîãî ñêàëÿðíîãî ïîëÿ ïðè íåíóëåâîé òåìïåðàòóðå íà ôîíå êðîòîâîé íîðû ... 51

25. Page D.N. Thermal stress tensors in static Einstein spaces. Physical Review D, 1982, vol. 25, pp. 1499�1509.

https://doi.org/10.1103/PHYSREVD.25.1499

26. Brown M.R. and Ottewill A.C. E�ective actions and conformal transformations. Physical Review D, 1985,

vol. 31, pp. 2514�2520. https://doi.org/10.1103/PHYSREVD.31.2514

27. Brown M.R., Ottewill A.C. and Page D.N. Conformally invariant quantum �eld theory in static Einstein

space-times. Physical Review D, 1986, vol. 33, pp. 2840�2850. https://doi.org/10.1103/PHYSREVD.33.2840

28. Zannias T. Renormalized thermal stress tensor for arbitrary static space-times. Physical Review D, 1984,

vol. 30, pp. 1161�1167. https://doi.org/10.1103/PHYSREVD.30.1161

29. Frolov V.P. and Zel'nikov A.I. Killing approximation for vacuum and thermal stress-energy tensor in static

space-times. Physical Review D, 1987, vol. 35, pp. 3031�3044. https://doi.org/10.1103/PHYSREVD.35.3031

30. Groves P.B., Anderson P.R. and Carlson E.D. Method to compute the stress-energy tensor for the massless

spin 1/2 �eld in a general static spherically symmetric spacetime. Physical Review D, 2002, vol. 66, pp. 124017�

124037. https://doi.org/10.1103/PhysRevD.66.124017

31. Owen Pavel Fern�andez Piedra. Vacuum polarization of the quantized massive scalar �eld in the global

monopole spacetime II: the renormalized quantum stress energy tensor. Physical Review D, 2019, vol. 99,

pp. 125007�125017. https://doi.org/10.1103/PhysRevD.99.125007

32. Nakazawa N. and Fukuyama T. On the energy-momentum tensor at �nite temperature in curved space-time.

Nuclear Physics B, 1985, vol. 252, pp. 621�634. https://doi.org/10.1016/0550-3213(85)90465-1

33. Christensen S.M. Vacuum expectation value of the stress tensor in an arbitrary curved background: The

covariant point-separation method. Physical Review D, 1976, vol. 14, pp. 2490�2501. https://doi.org/10.

1103/PHYSREVD.14.2490

34. Christensen S.M. Regularization, renormalization, and covariant geodesic point separation. Physical Review

D, 1978, vol. 17, pp. 946�963. https://doi.org/10.1103/PHYSREVD.17.946

35. Bezerra V.B., Bezerra De Mello E.R., Khusnutdinov N.R., and Sushkov S.V. Vacuum polarization of a

massive scalar �eld in a wormhole spacetime. Physical Review D, 2010, vol. 81, pp. 084034�084039. https:

//doi.org/10.1103/PhysRevD.81.084034

36. Bateman H. and Erdelyi F. Higher Transcedental Functions Vol. I, New York: McGraw-Hill, 1953, 292 p.

References

1. Morris M.S. and Thorne K.S. Wormholes in spacetime and their use for interstellar travel: A tool for teaching

general relativity. American Journal of Physics, 1988, vol. 56, no. 5, pp. 395�399. https://doi.org/10.1119/

1.15620

2. Sushkov S.V. A selfconsistent semiclassical solution with a throat in the theory of gravity. Physics Letters A,

1992, vol. 164, pp. 33�37. https://doi.org/10.1016/0375-9601(92)90901-W

3. Hochberg D., Popov A. and Sushkov S. V. Self-consistent wormhole solutions of semiclassical gravity. Physical

Review Letters, 1997, vol. 78, no. 11, pp. 2050�2053. https://doi.org/10.1103/PhysRevLett.78.2050

4. Popov A. Long throat of a wormhole created from vacuum �uctuations. Classical and Quantum Gravity,

2005, vol. 22, no. 24, pp. 5223�5230. https://doi.org/10.1088/0264-9381/22/24/002

5. Starobinsky A.A. A new type of isotropic cosmological models without singularity. Physics Letters B, 1980,

vol. 91, pp. 99�102. https://doi.org/10.1016/0370-2693(80)90670-X

6. Mamayev S.G. Mostepanenko V.M. Isotropic cosmological models determined by vacuum quantum e�ects.

Journal of Experimental and Theoretical Physics, 1980, vol. 78, pp. 20�27.

7. Kofman L.A., Sakhni V. Starobinskii A.A. Anisotropic cosmological model created by quantum polarization

of vacuum. Journal of Experimental and Theoretical Physics, 1983, vol. 58, pp. 1090�1095.

8. Kofman L.A., Sahni V. A new self-consistent solution of the Einstein equations with one-loop quantum-

gravitational corrections. Physics Letters B, 1983, vol. 127, pp. 197�200. https://doi.org/10.1016/

0370-2693(83)90875-4

9. Kofman L.A., Sahni V. Some self-consistent solutions of the Einstein equations with one-loop quantum

gravitational corrections: Gik = 8πG〈Tik〉vac. Physics Letters A, 1986, vol. 117, pp. 275�278. https://doi.

org/10.1016/0375-9601(86)90388-9

https://doi.org/10.1103/PHYSREVD.25.1499
https://doi.org/10.1103/PHYSREVD.31.2514
https://doi.org/10.1103/PHYSREVD.33.2840
https://doi.org/10.1103/PHYSREVD.30.1161
https://doi.org/10.1103/PHYSREVD.35.3031
https://doi.org/10.1103/PhysRevD.66.124017
https://doi.org/10.1103/PhysRevD.99.125007
https://doi.org/10.1016/0550-3213(85)90465-1
https://doi.org/10.1103/PHYSREVD.14.2490
https://doi.org/10.1103/PHYSREVD.14.2490
https://doi.org/10.1103/PHYSREVD.17.946
https://doi.org/10.1103/PhysRevD.81.084034
https://doi.org/10.1103/PhysRevD.81.084034
https://doi.org/10.1119/1.15620
https://doi.org/10.1119/1.15620
https://doi.org/10.1016/0375-9601(92)90901-W
https://doi.org/10.1103/PhysRevLett.78.2050
https://doi.org/10.1088/0264-9381/22/24/002
https://doi.org/10.1016/0370-2693(80)90670-X
https://doi.org/10.1016/0370-2693(83)90875-4
https://doi.org/10.1016/0370-2693(83)90875-4
https://doi.org/10.1016/0375-9601(86)90388-9
https://doi.org/10.1016/0375-9601(86)90388-9


52 Ä.Ñ. Ëèñåíêîâ, À.À. Ïîïîâ

10. Anderson P.R., Hiscock W.A. and Samuel D.A. Stress-energy tensor of quantized scalar �elds in static

spherically symmetric spacetimes. Physical review. D, Particles and �elds, 1995, vol. 51, pp. 4337�4358. https:

//doi.org/10.1103/PhysRevD.51.4337

11. Howard K.W. and Candelas P. Quantum stress tensor in Schwarzschild space-time. Physical Review Letters,

1984, vol. 53, pp. 403�406. https://doi.org/10.1103/PhysRevLett.53.403

12. Candelas P. Vacuum polarization in Schwarzschild spacetime. Physical Review D, 1980, vol. 21, no. 8,

pp. 2185�2202. https://doi.org/10.1103/PhysRevD.21.2185

13. Fawcett M.S. The Energy-Momentum Tensor near a Black Hole. Communications in Mathematical Physics,

1983, vol. 89, pp. 103�115. https://doi.org/10.1007/BF01219528

14. Jensen B.P. and Ottewill A. Renormalized electromagnetic stress tensor in Schwarzschild spacetime. Physical

Review D, 1989, vol. 39, pp. 1130�1138. https://doi.org/10.1103/PhysRevD.39.1130

15. Jensen B.P., Mc Laughlin J.G. and Ottewill A.C. Anisotropy of the quantum thermal state in schwarzschild

space-time. Physical Review D, 1992, vol. 45, pp. 3002�3005. https://doi.org/10.1103/PHYSREVD.45.3002

16. Anderson P.R., Hiscock W.A. and Loranz D.J. Semiclassical stability of the extreme Reissner-Nordström

black hole. Physical review letters, 1995, vol. 74, pp. 4365�4368. https://doi.org/10.1103/physrevlett.74.

4365

17. Bezerra de Mello E.R., Bezerra V.B. and Khusnutdinov N.R. Vacuum polarization of a massless spinor

�eld in global monopole spacetime. Physical Review D, 1999, vol. 60, pp. 063506�063514. https://doi.org/

10.1103/PhysRevD.60.063506

18. Frolov V.P. and Zel'nikov A.I. Vacuum polarization by a massive scalar �eld in Schwarzschild spacetime.

Physics Letters B, 1982, vol. 115, pp. 372�374. https://doi.org/10.1016/0370-2693(82)90520-2

19. Frolov V.P. and Zel'nikov A.I. Vacuum polarization of massive �elds in Kerr spacetime. Physics Letters B,

1983, vol. 123, pp. 197�199. https://doi.org/10.1016/0370-2693(83)90421-5

20. Frolov V.P. and Zel'nikov A.I. Vacuum polarization of massive �elds near rotating black holes. Physical

Review D, 1984, vol. 29, pp. 1057�1066. https://doi.org/10.1103/PHYSREVD.29.1057

21. Herman R. Method for calculating the imaginary part of the Hadamard Elementary function G(1) in static,

spherically symmetric spacetimes. Physical Review D, 1998, vol. 58, pp. 084028�084038. https://doi.org/10.

1103/PhysRevD.58.084028

22. Matyjasek J. Stress-energy tensor of neutral massive �elds in the Reissner-Nordstrom spacetime. Physical

Review D, 2000, vol. 61, pp. 124019�124028. https://doi.org/10.1103/PhysRevD.61.124019

23. Koyama H., Nambu Y. and Tomimatsu A. Vacuum polarization of massive scalar �elds on the black hole

horizon.Modern Physics Letters A, 2000, vol. 15, pp. 815�824. https://doi.org/10.1142/S0217732300000803

24. Matyjasek J. Vacuum polarization of massive scalar �elds in the spacetime of the electrically charged non-

linear black hole. Physical Review D, 2001, vol. 63, pp. 084004�084014. https://doi.org/10.1103/PhysRevD.

63.084004

25. Page D.N. Thermal stress tensors in static Einstein spaces. Physical Review D, 1982, vol. 25, pp. 1499�1509.

https://doi.org/10.1103/PHYSREVD.25.1499

26. Brown M.R. and Ottewill A.C. E�ective actions and conformal transformations. Physical Review D, 1985,

vol. 31, pp. 2514�2520. https://doi.org/10.1103/PHYSREVD.31.2514

27. Brown M.R., Ottewill A.C. and Page D.N. Conformally invariant quantum �eld theory in static Einstein

space-times. Physical Review D, 1986, vol. 33, pp. 2840�2850. https://doi.org/10.1103/PHYSREVD.33.2840

28. Zannias T. Renormalized thermal stress tensor for arbitrary static space-times. Physical Review D, 1984,

vol. 30, pp. 1161�1167. https://doi.org/10.1103/PHYSREVD.30.1161

29. Frolov V.P. and Zel'nikov A.I. Killing approximation for vacuum and thermal stress-energy tensor in static

space-times. Physical Review D, 1987, vol. 35, pp. 3031�3044. https://doi.org/10.1103/PHYSREVD.35.3031

30. Groves P.B., Anderson P.R. and Carlson E.D. Method to compute the stress-energy tensor for the massless

spin 1/2 �eld in a general static spherically symmetric spacetime. Physical Review D, 2002, vol. 66, pp. 124017�

124037. https://doi.org/10.1103/PhysRevD.66.124017

31. Owen Pavel Fernández Piedra. Vacuum polarization of the quantized massive scalar �eld in the global

monopole spacetime II: the renormalized quantum stress energy tensor. Physical Review D, 2019, vol. 99,

pp. 125007�125017. https://doi.org/10.1103/PhysRevD.99.125007

32. Nakazawa N. and Fukuyama T. On the energy-momentum tensor at �nite temperature in curved space-time.

Nuclear Physics B, 1985, vol. 252, pp. 621�634. https://doi.org/10.1016/0550-3213(85)90465-1

https://doi.org/10.1103/PhysRevD.51.4337
https://doi.org/10.1103/PhysRevD.51.4337
https://doi.org/10.1103/PhysRevLett.53.403
https://doi.org/10.1103/PhysRevD.21.2185
https://doi.org/10.1007/BF01219528
https://doi.org/10.1103/PhysRevD.39.1130
https://doi.org/10.1103/PHYSREVD.45.3002
https://doi.org/10.1103/physrevlett.74.4365
https://doi.org/10.1103/physrevlett.74.4365
https://doi.org/10.1103/PhysRevD.60.063506
https://doi.org/10.1103/PhysRevD.60.063506
https://doi.org/10.1016/0370-2693(82)90520-2
https://doi.org/10.1016/0370-2693(83)90421-5
https://doi.org/10.1103/PHYSREVD.29.1057
https://doi.org/10.1103/PhysRevD.58.084028
https://doi.org/10.1103/PhysRevD.58.084028
https://doi.org/10.1103/PhysRevD.61.124019
https://doi.org/10.1142/S0217732300000803
https://doi.org/10.1103/PhysRevD.63.084004
https://doi.org/10.1103/PhysRevD.63.084004
https://doi.org/10.1103/PHYSREVD.25.1499
https://doi.org/10.1103/PHYSREVD.31.2514
https://doi.org/10.1103/PHYSREVD.33.2840
https://doi.org/10.1103/PHYSREVD.30.1161
https://doi.org/10.1103/PHYSREVD.35.3031
https://doi.org/10.1103/PhysRevD.66.124017
https://doi.org/10.1103/PhysRevD.99.125007
https://doi.org/10.1016/0550-3213(85)90465-1


Ïîëÿðèçàöèÿ âàêóóìà êâàíòîâàííîãî ñêàëÿðíîãî ïîëÿ ïðè íåíóëåâîé òåìïåðàòóðå íà ôîíå êðîòîâîé íîðû ... 53

33. Christensen S.M. Vacuum expectation value of the stress tensor in an arbitrary curved background: The

covariant point-separation method. Physical Review D, 1976, vol. 14, pp. 2490�2501. https://doi.org/10.

1103/PHYSREVD.14.2490

34. Christensen S.M. Regularization, renormalization, and covariant geodesic point separation. Physical Review

D, 1978, vol. 17, pp. 946�963. https://doi.org/10.1103/PHYSREVD.17.946

35. Bezerra V.B., Bezerra De Mello E.R., Khusnutdinov N.R., and Sushkov S.V. Vacuum polarization of a

massive scalar �eld in a wormhole spacetime. Physical Review D, 2010, vol. 81, pp. 084034�084039. https:

//doi.org/10.1103/PhysRevD.81.084034

36. Bateman H. and Erdelyi F. Higher Transcedental Functions Vol. I. New York: McGraw-Hill, 1953, 292 p.

Àâòîðû

Äìèòðèé Ñåðãååâè÷ Ëèñåíêîâ, àññèñòåíò êàôåäðû ãåîìåòðèè, èíñòèòóò ìàòåìàòèêè è ìåõàíè-

êè èì. Í.È. Ëîáà÷åâñêîãî, Êàçàíñêèé ôåäåðàëüíûé óíèâåðñèòåò, óë. Êðåìëåâñêàÿ, 35, ã. Êàçàíü,

420008, Ðîññèÿ.

E-mail: lesman1985@gmail.com

Àðêàäèé Àëåêñàíäðîâè÷ Ïîïîâ, ä.ô.-ì.í., çàâåäóùèé êàôåäðû ãåîìåòðèè, èíñòèòóò ìàòåìà-

òèêè è ìåõàíèêè èì. Í.È. Ëîáà÷åâñêîãî, Êàçàíñêèé ôåäåðàëüíûé óíèâåðñèòåò, óë. Êðåìëåâñêàÿ,

35, ã. Êàçàíü, 420008, Ðîññèÿ.

E-mail: apopov@kpfu.ru

Ïðîñüáà ññûëàòüñÿ íà ýòó ñòàòüþ ñëåäóþùèì îáðàçîì:

Ëèñåíêîâ Ä.Ñ., Ïîïîâ À.À. Ïîëÿðèçàöèÿ âàêóóìà êâàíòîâàííîãî ñêàëÿðíîãî ïîëÿ ïðè íåíóëåâîé

òåìïåðàòóðå íà ôîíå êðîòîâîé íîðû ñ áåñêîíå÷íî êîðîòêîé ãîðëîâèíîé. Ïðîñòðàíñòâî, âðåìÿ è

ôóíäàìåíòàëüíûå âçàèìîäåéñòâèÿ. 2022. � 39. C. 43�53.

Authors

Lisenkov Dmitriy Sergeevich, Assistant of the Department of Geometry, Lobachevsky Institute of

Mathematics and Mechanics, Kazan Federal University, ul. Kremlyovskaya, 35, Kazan, 420008, Russia.

E-mail: lesman1985@gmail.com

Popov Arkadiy Alexandrovich, doctor of science, associate professor, Head of Department of Ge-

ometry, geometry department, Lobachevsky Institute of Mathematics and Mechanics, Kazan Federal

University, ul. Kremlyovskaya, 35, Kazan, 420008, Russia.

E-mail: apopov@kpfu.ru

Please cite this article in English as:

Lisenkov D. S., Popov A.A. Vacuum polarization of a quantized scalar �eld in the thermal state on

the short�throat �at�space wormhole background. Space, Time and Fundamental Interactions, 2022,

no. 39, pp. 43�53.

https://doi.org/10.1103/PHYSREVD.14.2490
https://doi.org/10.1103/PHYSREVD.14.2490
https://doi.org/10.1103/PHYSREVD.17.946
https://doi.org/10.1103/PhysRevD.81.084034
https://doi.org/10.1103/PhysRevD.81.084034

