
ПРОСТРАНСТВО, ВРЕМЯ И ФУНДАМЕНТАЛЬНЫЕ ВЗАИМОДЕЙСТВИЯ 2023, Вып. 1

УДК 530.12, 53.01

© Балакин А.Б., Киселев Г.Б., 2023

НЕЛИНЕЙНОЕ ВЗАИМОДЕЙСТВИЕ АКСИОННОГО ПОЛЯ С
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Основываясь на концепции возникновения динамического эфира в результате спонтанной поляризации
цветного эфира, мы рассматриваем SU(2) симметричную теорию взаимодействия калибровочного и
аксионного полей в рамках анизотропной космологической модели типа Бианки-I. Мы фокусируем
внимание на анализе неабелева аналога U(1) симметричной модели аксионно-индуцированной генерации
электрического поля в среде с магнитным полем.

Ключевые слова: Поле Янга-Миллса, аксион, темная материя.

NONLINEAR INTERACTION OF THE AXION FIELD WITH DYNAMIC AETHER
AND SU(2) SYMMETRIC GAUGE FIELD IN THE ANISOTROPIC UNIVERSE

Balakin A.B.𝑎,1, Kiselev G.B.𝑎,2

𝑎 Institute of Physics, Kazan Federal University, Kazan, 420008, Russia

Based on the concept of the dynamic aether emergence as a result of spontaneous polarization of the color
aether, we consider the SU(2) symmetric theory of interaction of the gauge and axion fields in the framework of
anisotropic cosmological model of the Bianchi-I type. We focus on the analysis of the non-Abelian analog of the
U(1) symmetric model of axionically induced generation of the electric field in a magnetized medium.
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Introduction

In the recent papers [1,2] we have formulated the general relativistic theory of nonlinear interaction
between pseudoscalar (axion) field, SU(N) symmetric Yang-Mills field and color aether. This theory has
been applied to the model, which describes evolution of the anisotropic early Universe in that era,
when two phase transitions have just been realized. The first (hypothetical) event was the spontaneous
polarization of the color aether, i.e., the event that resulted in the lining up of the SU(N) symmetric
vector field multiplet 𝑈 𝑗

(𝑎) along the timelike unit vector field 𝑈
𝑗 attributed to the canonic dynamic aether

velocity four-vector [3]. From the mathematical point of view, we considered the relation 𝑈 𝑗
(𝑎) = 𝑞(𝑎)𝑈

𝑗 ,
where 𝑞(𝑎) is the co-vector in the group space, and the subscript (𝑎) runs in the range (1, ..., 𝑁2 − 1).
The second phase transition, which was assumed in [1,2], could be the parallelization of the Yang-Mills
potentials 𝐴(𝑎)

𝑚 in the group space, i.e., 𝐴(𝑎)
𝑚 = 𝑄(𝑎)𝐴𝑚. This procedure makes the gauge field quasi-

Abelian. In the presented paper we assume that the first phase transition has already taken place, but
the second has not yet. In other words, the novelty of this work is that the gauge field is considered to
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be non-Abelian. Also, we consider now the SU(2) gauge group, and we study the non-Abelian SU(2)
symmetric analog of the axionically induced generation of the electric field in the magnetized medium
(see [4–6] for details).

The paper is organized as follows. In Section 1 we present the theory formalism. In Section 2 we
apply this formalism to the Bianchi-I spacetime model, we obtain the model evolutionary equations and
formulate the preliminary results of analysis.

1. The formalism

We use the following total action functional:
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. (1.1)

Here 𝑅 is the Ricci scalar, Λ is the cosmological constant, 𝜅 = 8𝜋𝐺 is the Einstein constant (𝑐 = 1), 𝜑
describes the pseudoscalar (axion) field; 𝑉 (𝜑) is the potential of the axion field. The potential 𝑉 (𝜑) is
chosen to be of the periodic form 𝑉 (𝜑) = 2𝑚2

𝐴 (1− cos𝜑). The constant Ψ0 is reciprocal to the coupling
constant of the axion-gluon interactions 𝑔𝐴𝐺, i.e., 𝑔𝐴𝐺 = 1

Ψ0
. For the multiplet of parallel vector fields

the term (𝑈𝑚
(𝑎)𝑈

(𝑎)
𝑚 −1) transforms into (𝑈𝑚𝑈𝑚−1) thus providing the vector 𝑈 𝑗 to be timelike and unit.

The constitutive tensor 𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏) is considered to contain four coupling constants:
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The gauge covariant derivative �̂�𝑚𝑈
(𝑎)
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The term 1
4 sin𝜑𝐹
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(𝑎) in the action functional (1.1) is the nonlinear periodic generalization of the

term 1
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Variation with respect to 𝐴(𝑎)
𝑖 gives the axionically extended Yang-Mills equations
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Keeping in mind three details: first, for the SU(2) symmetry the group constants coincide with the Levi-
Civita symbols, 𝑓(𝑎)(𝑏)(𝑐) = 𝜀(𝑎)(𝑏)(𝑐); second, 𝜀(𝑎)(𝑏)(𝑐)𝜀(𝑎)(𝑏′)(𝑐′) = 𝛿𝑏𝑏′𝛿

𝑐
𝑐′−𝛿𝑏𝑐′𝛿𝑐𝑏′ ; third, we work with the

Landau-type gauge conditions 𝐴(𝑎)
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For the illustration, we consider the Bianchi-I anisotropic homogeneous spacetime with the metric

𝑑𝑠2 = 𝑑𝑡2 − 𝑎2(𝑡)𝑑𝑥2 − 𝑏2(𝑡)𝑑𝑦2 − 𝑐2(𝑡)𝑑𝑧2 . (1.7)

We assume that all the unknown model state functions inherit the spacetime symmetry and depend on
the cosmological time only. The global unit timelike vector 𝑈 𝑖 is assumed to be of the form 𝑈 𝑖 = 𝛿𝑖𝑡.
The metric (1.7) provides the covariant derivative to be symmetric, the acceleration four-vector to be
vanishing, and the expansion scalar Θ to have very simple form:

∇𝑚𝑈𝑛 = ∇𝑛𝑈𝑚 =
1

2
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�̇�

𝑎
+
�̇�

𝑏
+
�̇�

𝑐
. (1.8)
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2. SU(2) model on the Bianchi-I platform

For the illustration of the suggested idea, we consider the class of homogeneous spacetimes with
the metric

𝑑𝑠2 = 𝑑𝑡2 − 𝑎2(𝑡)𝑑𝑥2 − 𝑏2(𝑡)𝑑𝑦2 − 𝑐2(𝑡)𝑑𝑧2 . (2.1)

Generally, this metric describes the Bianchi-I model. When 𝑎(𝑡)=𝑏(𝑡)=𝑐(𝑡) we obtain the Friedmann
type model. We assume that all the unknown model state functions inherit the spacetime symmetry and
depend on the cosmological time only.

In the model with SU(2) symmetry we deal with the triplet of four-vectors 𝐴(𝑎)
𝑘 (12 unknown

functions). Using the analogs of the Landau gauge 𝐴(𝑎)
𝑚 𝑈𝑚 = 0 we reduce the number of unknown

functions to nine. Also, keeping in mind that all the state functions have to depend on the cosmological
time only, we are plunging into a new paradigm. In the U(1) symmetric models attributed to
the electromagnetic theory we introduced a static magnetic field 𝐵0 = 𝐹12 = 𝑐𝑜𝑛𝑠𝑡 using the
nonhomogeneous potentials 𝐴2 = 1

2𝐵0𝑥
1, 𝐴1 = − 1

2𝐵0𝑥
2. In the SU(2) symmetric model with 𝐴(𝑎)
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to have the structure 𝐹 (𝑎)

12 (𝑡) = −𝑔𝛿(𝑎)(3)𝐴
(1)
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can produce the analog of the electric field, we have to introduce the potential 𝐴(3)
3 and thus the electric
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(𝑎)
03 = 𝛿
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(3)
3 . Also, we consider that 𝑞(𝑎) = 𝛿

(𝑎)
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For this non-Abelian gauge field configuration the equations (1.6) gives three nontrivial equations:
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The master equation for the axion field can be now reduced to

𝑑2𝜑

𝑑𝑡2
+
𝑑

𝑑𝑡
[log (𝑎𝑏𝑐)]

𝑑𝜑

𝑑𝑡
+𝑚2

𝐴 sin𝜑 =
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𝑔 cos𝜑
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[︁
𝐴

(2)
1 𝐴
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(3)
3

]︁
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The format of this note does not allow us to analyze in detail the equation for the aether velocity four-
vector 𝑈 𝑗 . We can only confirm that there exist the solution 𝑈 𝑗 = 𝛿𝑗0 to the corresponding equation
(see [1,2] for details). When we deal with the gravity field equations, we obtain analogs of the equations
derived and analyzed in [1, 2].

Conclusion

The set of four equations (2.3), (2.4), derived above, describes the SU(2) symmetric model of
interaction of the axion and non-Abelian gauge fields. Clearly, when the product 𝐴(2)

1 𝐴
(1)
2 is nonvanishing

and thus one deals with the SU(2) analog of the magnetic field 𝐹 (3)
12 ̸= 0, the axion field creates the

source in the right-hand side of the equation for 𝐴(3)
3 , i.e., the SU(2) analog of the electric field 𝐹 (3)

03

inevitably appears. The profiles of the corresponding solutions will be analyzed in the next work.
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