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HEJIOKAJIbBHOE PACIINPEHUE PEJISTUBUCTCKON HEPABHOBECHOI
TEPMOCTATUKUN |

Umema A. C.%!, Bamakua A.B.%?

@ Kazauckuii (IIpusomxkckuii) dbenepasnbublii yausepcurer, 1. Kazanb, 420008, Poccust

Ha ocnoBe ¢dopmManm3Ma HEJIOKAJIBLHOTO PaCIIUpEHUsi IPUYUHHON TepMozuHamuku Mspasas-Creoapra [1),
C OIHOW CTOpPOHBI, M (opMaiM3Ma PACUIMPEHHON TepMocTaTuku [2|, ¢ Apyroil, Mbl IpemjaraeM HOBYIO
MOJIe/Ib HeJIOKaIbHOI HEPABHOBECHON TEPMOCTATHKH /IS ONUCAHUS CTATHIECKHX C(hePHIeCKN CHMMEeTPUIHBIX
3BE3/IHBIX CHCTEM. DTOT HEJOKAJIbHBINA (opMau3M onepupyer [apoil OPTOrOHAJIBHBIX YeThIPe-BEKTOPOB: OJUH
W3 HUX - CTAHJAPTHBIN €IMHUYIHBIN BPEMEHUWIOMOOHBIN 4-BEKTOD CKOPOCTH CpPEIbl, APYroi - eIMHUYHBIN
TIPOCTPAHCTBEHHO-TTOAOOHBIN 4-BeKTOp (mupexkTop). Mbl TO/IyumaM paCUTUPEHHOE ypaBHEHWE, ONMHMCHIBAIOIIEE
npodusIb HEPABHOBECHOTO [AaBJIEHUs, KOTOPDOE MOXKeT OBbIThb HHTEPIPETHPOBAHO KaK CTATHIECKUH aHAJIOT
ypaBHeHus: Broprepca B Ky1accuaeckoil peoJsioruu.

Karuesvie caosa: HepaBHOBeCHa&I TEePMOCTATHKa, HEJIOKAJIbHbIC ABJICHUSA.

NONLOCAL EXTENSION OF RELATIVISTIC NON-EQUILIBRIUM
THERMOSTATICS
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Based on the formalism of nonlocal extension of the Israel-Stewart causal thermodynamics [1] on the one hand,
and on the formalism of the extended thermostatics |2] on the other hand, we propose the new model of nonlocal
relativistic non-equilibrium thermostatics for description of the static spherically symmetric stellar systems. This
nonlocal formalism operates with the pair of orthogonal four-vectors: one of them is the standard unit timelike
medium velocity four-vector, the second one is the unit spacelike director. We derived the extended equation
describing the profile of the non-equilibrium pressure, which can be indicated as the static analog of the Burgers
equation known in classical rheology.
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Introduction

The description of the neutron star structure involves into consideration the formalism of equations
of state. We believe that the nonlocal rheological-type extension of the relativistic non-equilibrium
irreversible thermodynamics and thermostatics is the most interesting trend in this direction, and in
two recent works [1,2] we have prepared the corresponding mathematical basis. In the work [3] we have
made the trial step towards the description of rheological-type equation of state for the neutron stars
at zero temperature. In this note we suggest the new nonlocal model adapted for static spherically
symmetric rheological systems. In this context we consider the heat-flux four-vector ¢* and the traceless
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part of the non-equilibrium pressure tensor H%% to be vanishing. We search for the scalar part of the

pressure tensor IT as a function of the radial variable r.
1. The formalism
1.1. Geometrical aspects of the theory
We use the canonic line element for the model of static spherically symmetric spacetime
ds* = B(r)dt* — A(r)dr? — r? (d92 + sin? 9d<p2) , B(oo)=1=A(x). (1.1)
The symmetry of this spacetime is described by the following Killing vectors:
§f0) = 53 , fgl) = sin @55—1— cot 6 cos @63, , §€2) = cos @Jg— cot f sin wéé , gq;) = 527 . (1.2)
One obtains from and that the squares of the Killing vectors give the following relationships:
5(20) = gkjfﬁ))ggo) =B, 5(2@ = gkjfﬁo)fgw) =—r’sin’ 0, 5(21) + 5(22) + f(%p) =272, (1.3)
1.2. The velocity four-vector and the director
The velocity four-vector and its covariant derivative are, respectively, of the form
B’ B’

; o1
Ul =6§—, = DU, =U*V,U; = 6] — . 1.4

The prime denotes the derivative with respect to the radial variable. For these quantities we deal with

ViU = =067

the vanishing expansion scalar (© = 0), shear tensor (o = 0), and vorticity tensor (w;z = 0); the
only acceleration four-vector DU; is non-vanishing. With the Eckart’s version of thermodynamics
predicts that, when the heat-flux four-vector ¢* vanishes [4], the temperature 7'(r) is predetermined to
be of the following form:

T(o0)
B()

, 1L
ql =0 = TVICT = DU, = T(’I‘) = (].5)
The director R’ can be defined as the unit spacelike four-vector orthogonal to the velocity four-vector,
which inherits the symmetry of the spacetime, i.e.,

R'U; =0, RR'=-1, Le, R =¢00hR —R g, =0, (1.6)

where Eﬁ(a) is the Lie derivatives along all the Killing vectors 1} All these requirements are satisfied
for the four-vector R! = 6:.%4; clearly, it possesses the following properties:

1

ViRl = —
¥ 2WA

B . 2 ) 1 B 4
0000+~ (30f+0L07) | ViRE = [

o/ Bﬂ] , REVLRI =0, RFVLU =0.

(1.7)
Using the analogy with the convective derivative D = UFV), we introduce the directional derivative
D = R*V,,. Finally, keeping in mind that there exists the divergence-free timelike four vector N¥ = nU*,
ViN* = 0, with the particle number density n, we introduce the new divergence-free spacelike four-
vector M¥ = hR¥ V, M* = 0. The multiplier 4 is considered to be constructed using the moduli of the
Killing vectors as follows (hg is some constant):

h:

ho . 1 d[ ho
= Vi (RRF) = — [—] =0. (1.8)
§o [ + 8k + 62 rivABdr
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1.3. Extension of the entropy flux four-vector

The decomposition of the entropy flux four-vector S¥ can be organized, e.g., as follows:

- 1. 52 1
S* = Sfis) + hR" {D HIof (7)) + 3 (D71 + 27-1'[2} , (1.9)
where the contribution Sé“ls) appeared in the Israel-Stewart theory [5]. Here 7 is a constant and f(7') is

some function of the temperature. The inverse operator D~ is defined as

DD MI=11 = D_ll'[:/rdrl'[(r) A(r). (1.10)

o

For the static spherically symmetric model the entropy production scalar takes the form

Il
0 =VS* =hI[f(T)+D '+ 7Dl = 0, (1.11)

2
— =
9¢
where ¢ is some function of the temperature. Thus, the non-equilibrium pressure II has to satisfy the
integro-differential equation

11 i
TDH—QTthf(T)JrD =0. (1.12)

The pure differential version of this equation is

) 1 1 af .
D HQC}LDHJrH{lD(%h)]erTDTO. (1.13)

We deal with the linear differential equation of the second order known as the Burgers equation [6}7].
The inhomogeneity of the temperature with the law DT = —%\/%&T) predetermines the features of
the pressure distribution II(r); when f(T') = const the equation (1.13) admits the vanishing pressure

II=0.
Conclusion

The equation gives us the new equation describing the profiles of the non-equilibrium pressure
II(r) in the model of static spherically symmetric object. The next step we have to do is to formulate
the extended equation of hydrostatic equilibrium, which is the key element of the analysis of the star
structure. We hope to analyze this problem in the nearest future.
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