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An anisotropic cosmological model with a gauge field, presented by spatially homogeneous SU(2)- symmetric
Yang-Mills potentials, is considered. Bianchi-I model with axial symmetry is analyzed; a new exact solution,
which describes the early Universe on the stage of domination of the gauge field of the magneto-electric type, is
obtained.
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Introduction

For theoreticians working in cosmology the anisotropic homogeneous Bianchi-I model gives a unique
space-time platform for testing versions of early Universe expansion. One of the trends in this direction
is the analysis of the evolution of the magnetized Universe, i.e., the analysis of models with uniform
magnetic field (see, e.g., [1] for details and references). It is well-known that the symmetry of the
Bianchi-I model admits, in particular, the following electromagnetic field configuration: the magnetic
field is directed, say, along 0z3 axis (Fio = By # 0), and the electric field is parallel to the magnetic one
(Fos # 0) (see, e.g., [2]). The configuration with magnetic and electric fields orthogonal to one another
(say, Fio # 0 and Fp; # 0) is not compatible with the symmetry of the Bianchi-I model, since the
corresponding electromagnetic stress-energy tensor has to have non-admissible non-diagonal component
Toe # 0. In addition, even if one deals with the uniform magnetic field only, the potentials for such
configuration depend on the spatial coordinates (say, AQZ%Bol‘l, A= — %Bon). This means that for
models, for which the electromagnetic field potentials appear in the stress-energy tensor (e.g., for the
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Maxwell-Chern-Simons electrodynamics), the model becomes non-homogeneous and thus can not be
attributed to the Bianchi-I class.

We study anisotropic cosmological models with the spatially homogeneous Yang-Mills field [3-5];
and now we intend to investigate a SU(2) analog of the magnetized Universe by introducing the gauge
field of the magneto-electric type. The theory of such gauge field deals with the SU(2) - symmetric
multiplet of vector potentials Aga) ((a) = 1,2,3), and two electrodynamic problems mentioned above
can be resolved in elegant way in the framework of this theory. Indeed, one can provide the stress-
energy tensor of the Yang-Mills field to be free of non-diagonal components (say, To2 = Tp1 = 0), if
the magnetic-like and electric-like components are attributed to different group indices (say, there exist
non-vanishing Fl(g), Féf ) and Féé) only). In order to provide the homogeneity of the Yang-Mills field
strength Fy(,f,)“ which is quadratic in the potentials A;b)
functions of the cosmological time only. This idea is realized and described below.

, it is sufficient now to choose these potentials as

The work is organized as follows. First, we formulate the complete Einstein-Yang-Mills model with
the gauge configuration of the magneto-electric type on the Bianchi-I space-time platform. Then we
reduce the total set of master equations for the axially-symmetric submodel and analyze solutions to
these reduced equations.

1. The formalism

1.1. Lagrangian of the Einstein-Yang-Mills model and master equations for the gauge and
gravity fields

The action functional of this theory has the standard form
1

S = /H{—;H(RJFA) — 4F75;1F(g;b} . (1)

Here R is the Ricci scalar, A is the cosmological constant, F,(,f)I is the Yang-Mills field strength given by

FIS) = 0 A — D, 48 + g AD AP, 2)

Agff) is the multiplet of the gauge field potentials, V,, is the covariant derivative, f (a()b) © is the set of
group constants, and g is a coupling constant.
Master equations for the Yang-Mills field is known to have the form

Vo FOmn 4 gl AP FEm =, (3)
and the gravity field equations are

1 1 a mn a)pn
R — 504 (R+28) = 6Ty, T§ = 200 P — F7" Fayg, (4)

at'mn
1.2. Reduced equations for the Bianchi-I model with SU(2) symmetric gauge field
The metric attributed to the Bianchi-I model is
ds? = dt? — a*(t)da'” — b2 (t)da?® — 2 (t)dz’ . (5)

We assume the speed of light in vacuum is equal to one in the chosen units. For the SU(2) symmetric
model f(a()b)(c):es(a()b)(c), where 5(a()b)(c) is the Levi-Civita symbol. When we are modeling the Yang-Mills
field of the magneto-electric type, we assume that there are only two non-vanishing components of the
potential: AgQ) (t) and Agl) (t). Respectively, there are three non-vanishing components of the Yang-Mills
field strength:

P = —oAP A, DAY, E - A ®
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The dot denotes the derivative with respect to time. For such gauge field configuration we obtain four
non-vanishing components of the stress-energy tensor, and the Einstein equations take the form

bt s T ST ) o
{1 U S L R
Lelattoas L[] - LA - O sl a ] ©)
sl (BT AT A T)

The Yang-Mills potentials A§2)(t) and Agl) (t) satisfy the master equations

ab\ d [(be\ d )] | 2,2 ( 0\ _
(c)dt{(a)thl]—'_gAl (A2) =0, (11)

ab\ d ac\ d 2
(%) 5 [(5) 4|+ (4)" =0 (12)

The system of master equations contains six equations for five unknown functions; one equation for
gravity field can be omitted due to the Bianchi identity.

2. Analysis of the model with axial symmetry
2.1. Reduced system of master equations

The Bianchi-I model can be indicated as Locally Invariant one, or axially symmetric, when the
directions Ox! and 0x? are equivalent and thus a(t)=b(t). It is clear from (8) and (9) that this symmetry
is admissible, when Agl): + A@, or equivalently, AS): + A?)—&—const. We assume that the constant is
equal to zero and AgZ):A, thus, we can now work with the following reduced system of three equations
for three unknown functions a(t), ¢(t) and A(¢):

. 2 .. 2 . . 2 2

a ac _ L je 9 9L () = L je 9

<a) +2acA+n(a2A +2a4A>, 2a+ <a) A+n( a2A +2a4A , (13)
.. ¢\ . g2 3
A+ - A+ﬁA =0. (14)

We deal with a set of coupled nonlinear equations, and the study of its solutions requires detailed
numerical analysis. However, in this short communication we consider simple analytical solutions only.

2.2. Exact solutions

2.2.1 Test case, g =0

When g=0, we deal with the gauge field linear in the Yang-Mills potentials. Equation (14) becomes
linear, and its first integral is A(t):%rf)t. Clearly, we have to choose vanishing constants, so that A(¢)=0,

A(t)=0, providing the magneto-electric configuration to be trivial. The equations (13) yield now

a_¢_ A alt) _ et) | JEe-r)
¢ V3 T alty) " clto) ' )

In other words, the space-time without gauge field of the magneto-electric type has to be the isotropic
Friedmann one, as it should be.
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2.2.2 Example of exponential solution

We search for the unknown functions in the exponential form
alt) = alty) €M) c(t) = cltg) ) A(t) = va(t). (16)

Equations (13), (14) give three relationships, which link four constant parameters h, u, v, A:
h24+2hp = A—i—/{( 2h24 g; > , 3h%= A—|—/~@( vih2 4 921/ > . vhP4vphtg*r® =0. (17)

These relationships can be rewritten in the form of parametric representation:

(92 _ "‘@h2) 2 2h? 2 2g*
H=Mgvrnzy 7 (92 + Kkh?)’ * (9% + kh?)? (18)
The parameter h describes the rate of a Universe expansion in the plane 2'0x?; the parameter y relates

to the rate of evolution in the direction 0z3. The parameter v = +i ) is a factor forming the

2h2
(g2 +kh?)
amplitude of the gauge field potentials. The Yang-Mills field strength components are of the form

3 2gh* _ 2 1
) = —gva’ = 3T oaa ) R = SR = vha(r). (19)

Respectively, the physical components of the gauge analogs of the magnetic and electric fields, B and
E, are the constant quantities:

_ 3) 2gh? _ 2 1
B=\EYF =|o?| = s B=\SEQRY =\ EQEE =W (0)

It is interesting to mention, that in case of Bianchi-I model with U(1) magnetic field the component

Fyo is constant [2], but the physical component B behaves as B(t) = By/a?. However, in SU(2) model
the situation is opposite: the component Fl(g) depends on time (see (19)), but the physical component
happens to be constant (20).

Outlook

In this short communication based on exact solutions (4), (18) of the master equations (13), (14)
we discussed the structure of the SU(2) symmetric Yang-Mills field configuration of the magneto-electric
type in the context of anisotropically expanding Bianchi-I space-time platform with axial symmetry. In
the next paper we hope to supplement this analytical investigation by detailed numerical analysis of the
model.
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