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ЭФИРНОЕ РАСШИРЕНИЕ ТЕОРИИ ЭЙНШТЕЙНА-ДИРАКА: СПИНОРНЫЕ
МОДИФИКАЦИИ КИНЕТИЧЕСКОЙ ЧАСТИ ЛАГРАНЖИАНА
ДИНАМИЧЕСКОГО ЭФИРА
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Россия.

В рамках эфирной версии теории Эйнштейна-Дирака развита расширенная модель, в которой учтено
обратное влияние спинорного поля на единичное векторное поле, описывающее динамический эфир. Для
этой цели мы расширили конституционный тензор Джекобсона, который входит в кинетическую часть
лагранжиана единичного векторного (эфирного) поля, за счёт слагаемых, содержащих спинорные тензоры
и псевдотензоры. Самосогласованная система основополагающих уравнений для единичного векторного
поля, а также для спинорного и гравитационного полей выведена с помощью вариационного формализма
в рамках эффективной теории поля до второго порядка по производным включительно.
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In the framework of the Einstein-Dirac-aether theory the extended model is established, in which the backreaction
of the spinor field on the unit vector field, describing the dynamic aether, is taken into account. For this purpose,
we extended the Jacobson constitutive tensor, which enters the kinetic part of the Lagrangian of the unit vector
(aetheric) field, by the terms containing spinor tensors and pseudotensors. The self-consistent system of master
equations for the unit vector field, as well as, the spinor and gravitational fields is derived using the variation
formalism in the framework of the effective field theory up to the second order in derivatives.
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Introduction

The theory of dynamic aether formulated in [1] was developed later in many works (see, e.g., the
status report [2]). One of the trends in the aether theory extensions deals with the interactions of the
dynamic aether with the electromagnetic, pseudoscalar and spinor fields [3–7]. In this context one can
highlight the idea that the dynamic aether controls the evolution of mentioned fields (see, e.g., [5]).
Now we are interested in studying the backreaction of the spinor field on the dynamic aether. In [8]
we discussed the variant of a backreaction based on the analysis of the potential of the axion field,
which depends on the scalars constructed on spinor and unit vector (aether) fields. Now, in this short
communication we extend the kinetic part of the unit vector (aether) field by including terms depending
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on the spinor field; in this study we restrict ourselves by the terms up to the second order in derivatives in
the context of effective field theory. Such approach extends the arsenal of instruments of this theory, since
now in the process of reconstruction of the Jacobson constitutive tensor we can use not only the metric
coefficients and velocity four-vector, but the spinor tensors and spinor pseudotensors in convolutions
with the Levi-Civita pseudotensor.

Below we reconstruct the total ten-parameter Lagrangian of the model, and derive the self-
consistent system of extended master equations for the unit vector, spinor and gravitational fields.

1. The formalism

1.1. Action functional of the canonic Einstein-Dirac-aether theory

The total action functional of the canonic Einstein-Dirac-aether theory is considered to be of the
form

S =

∫
d4x
√−g

{
− 1

2κ

[
R+2Λ+λ (gmnU

mUn−1)+Kabmn∇aUm∇bUn
]
+
i

2
[ψ̄γkDkψ−Dkψ̄γ

k]−mψ̄ψ
}
.

(1)
The elements of the canonic Lagrangian of the Einstein-aether model are well documented. The term g

is the determinant of the spacetime metric gmn; R is the Ricci scalar; Λ is the cosmological constant;
κ=8πG includes the Newtonian coupling constant G (c=1). The four-vector U j is associated with the
aether velocity; the term λ (gmnU

mUn−1) designed to guarantee that the U j is normalized to one; λ is
the Lagrange multiplier. The kinetic term Kabmn ∇aUm ∇bUn is quadratic in the covariant derivative
∇aUm of the vector field Um. The spinor field with the mass m is described by two terms ψ and ψ̄; γk

are the Dirac matrices; the covariant derivatives of the spinor fields

Dkψ = ∂kψ − Γkψ , Dkψ̄ = ∂kψ̄ + ψ̄Γk , (2)

are constructed using the Fock-Ivanenko connection matrices Γk. The canonic constitutive tensor Kabmn

is constructed using the metric tensor gkj and the aether velocity four-vector Uk only:

Kabmn=C1g
abgmn+C2g

amgbn+C3g
angbm+C4U

aU bgmn. (3)

The parameters C1, C2, C3 and C4 are the Jacobson coupling constants.

1.2. Extension of the Lagrangian of the Einstein-Dirac-aether theory

In order to extend the kinetic part of the Lagrangian (3), we replace the term Kabmn∇aUm∇bUn
with Kabmn∇aUm∇bUn, where the extended constitutive tensor is

Kabmn = Kabmn +Kabmn
(S) , (4)

Kabmn
(S) = ψ̄

[
Q1γ

aγbγmγn +Q2γ
aγmγbγn +Q3γ

aγnγbγm +Q4U
aU bγmγn

]
ψ+

+
i

2
Q5

[
ψ̄γlγsϵ ab

ls γmγnγ5ψ
]
+
i

2
Q6

[
ψ̄γaγbγlγsϵ mn

ls γ5ψ
]
. (5)

Here ϵjkmn = Ejkmn
√−g is the Levi-Civita pseudotensor with E0123 = +1. Formally speaking, the new terms

in (8), with Q1, Q2, Q3 and Q4 in front, are the spinor analogs of the terms in (3) with C1, C2, C3 and
C4, respectively. The terms with Q5 and Q6 have no analogs in the canonic dynamic aether theory; in
fact, these two terms involve into consideration the anti-symmetric dual tensor (∇mUn)∗ = 1

2ϵ
ls

mn ∇lUs.
The matrices γj in the Riemann space-time with the metric gpq are connected with the constant

Dirac matrices γ(a) defined in the Minkowski spacetime with the metric η(a)(b) via the tetrad vectorsXj
(a),

γk = Xk
(a)γ

(a). The following relationships are used in this context. First, we deal with the normalization
of the tetrad four-vectors:

gmnX
m
(a)X

n
(b) = η(a)(b) , η(a)(b)Xm

(a)X
n
(b) = gmn . (6)
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Second, the Dirac matrices satisfy the fundamental anti-commutation relations

γ(a)γ(b)+γ(b)γ(a) = 2Eη(a)(b) ⇐⇒ γmγn+γnγm = 2Egmn , (7)

where E is the four-dimensional unit matrix. Third, the link between the Dirac matrices γ5 and γ(5) is

γ5 = − 1

4!
ϵmnpqγ

mγnγpγq = − 1

4!
ϵmnpqX

m
(a)X

n
(b)X

p
(c)X

q
(d)γ

(a)γ(b)γ(c)γ(d) =

=− 1

4!
ϵ(a)(b)(c)(d)γ

(a)γ(b)γ(c)γ(d)=γ(0)γ(1)γ(2)γ(3) ≡ γ(5). (8)

Fourth, the Fock - Ivanenko connection coefficients are used in the form

Γk =
1

4
gmnX

(a)
s γsγn∇kXm

(a) . (9)

2. Master equations of the extended theory

2.1. Master equations of the unit vector field

Variation of the action functional (3) with respect to aether velocity U j gives the standard balance
equations [1]

∇aJ aj = λU j + Ij , (10)

where the Jacobson tensor has now the extended form

J aj =
[
Kabjn +Kabjn

(S)

]
∇bUn , (11)

and the Jacobson current contains new spinor term

Ij = C4DUm∇jUm +Q4DUm∇jUn
(
ψ̄γmγnψ

)
. (12)

Here D = Uk∇k is the convective derivative, and the Lagrange multiplier λ can be standardly presented
as follows

λ = Uj
(
∇aJ aj − Ij

)
. (13)

2.2. Master equations of the spinor field

Variation of the action functional (3) with respect to ψ̄ and ψ gives two equations for the spinor
field in the standard Dirac’s form, respectively,

iγkDkψ =Mψ , iDkψ̄γ
k = −Mψ̄ , (14)

where the matrix of the effective mass has now the following extended form

M = mE +
1

2κ
∇aUm∇bUn

{[
Q1γ

aγbγmγn +Q2γ
aγmγbγn +Q3γ

aγnγbγm +Q4U
aU bγmγn

]
+ (15)

+
i

2
Q5

[
ψ̄γlγsϵ ab

ls γmγnγ5ψ
]
+
i

2
Q6

[
ψ̄γaγbγlγsϵ mn

ls γ5ψ
]}

.

We see that the extension of the kinetic part of aether field modifies essentially the effective mass of the
spinor particle.
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2.3. Master equations of the gravity field

Variation of the action functional with respect to metric gpq gives the Einstein equations in the
standard form

Rpq −
1

2
gpqR = Λgpq + κT (D)

pq + T (A)
pq . (16)

The first term in the right-hand side of (16) is the canonic part of the stress-energy tensor of the spinor
field

T (D)
pq = −gpq

[
i

2
(ψ̄γkDkψ−Dkψ̄γ

k)−mψ̄ψ
]
+
i

4

[
ψ̄γpDqψ+ψ̄γqDpψ−(Dpψ̄)γqψ−(Dpψ̄)γqψ

]
. (17)

The second term describes the extended stress-energy tensor of the aether field interacting with the
spinor field

T (A)
pq =

1

2
gpq Kabmn∇aUm∇bUn+UpUqUj

(
∇aJ aj − Ij

)
+∇m

[
U(pJq)m−Jm(pUq)−J(pq)Um

]
+ (18)

+C1 [(∇mUp)(∇mUq)−(∇pUm)(∇qUm)] +
(
C4 +Q4ψ̄ψ

)
DUpDUq−

−1

2
∇aUm∇bUnψ̄

{
Q1

[
γ(pδ

a
q)γ

bγmγn + γaγ(pδ
b
q)γ

mγn − γaγbγ(pδmq)γn − γaγbγmγ(pδnq)
]
+

+Q2

[
γ(pδ

a
q)γ

mγbγn − γaγ(pδmq)γbγn + γaγmγ(pδ
b
q)γ

n − γaγmγbγ(pδnq)
]
+

+Q3

[
γ(pδ

a
q)γ

nγbγm − γaγ(pδnq)γbγm + γaγnγ(pδ
b
q)γ

m − γaγnγbγ(pδmq)
]}

ψ−

− i
4
gpq∇aUm∇bUnψ̄

[
Q5ϵ

lsabγlγsγ
mγn −Q6ϵ

lsmnγaγbγlγs
]
γ5ψ+

+
i

4
∇aUm∇bUnψ̄

{
Q5ϵ

ab
ls

[
γ(pδ

l
q)γ

sγmγn + γlγ(pδ
s
q)γ

mγn + γlγsγ(pδ
m
q)γ

n + γlγsγmγ(pδ
n
q)

]
−

−Q6ϵ
mn

ls

[
γ(pδ

a
q)γ

bγlγs + γaγ(pδ
b
q)γ

lγs + γaγbγ(pδ
l
q)γ

s + γaγbγlγ(pδ
s
q)

]}
γ5ψ .

We used here the following additional formulas

δγk =
1

2
γ(pδ

k
q)δg

pq , δγk = −1

2
γ(pgq)kδg

pq , δγ5 = 0 , δϵlsmn =
1

2
δgpqgpqϵ

lsmn . (19)

As usual, the parentheses denote the symmetrization A(pBq) =
1
2 (ApBq +AqBp).

The procedure of the derivation of the total set of coupled master equations for the unit vector
field, spinor and gravitational fields is completed.

Outlook

The extended model of interaction between the unit vector field, spinor and gravitational fields,
which takes into account the backreaction of the spinor field on the dynamic aether, is established.
The total set of the corresponding coupled master equations is derived. What is the next step in the
development of this theory? We expect that this theory will give interesting results in application to
cosmology and astrophysics. These investigations are planned to be realized in the nearest future.
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