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O KOBAPNAHTHBIX KYBUYHBIX BEPIINMMHAX JdJI4d HEITPUUBOAMMBIX
IIOJIEV BBICIIINX LEJBIX U IIOJIVIIEJIBIX CIIMHOB HA IIJIOCKOM ®OHE
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Tosist BBICIIMX CHMHOB (OpU § > 2) BXOJAT B CIEKTD CYNEPCTPYHHON TEOPHH, OIMCBHIBAIOIIEH I'DABUTAIMOHHOE
B3aMMOJENCTBIE HA PaHHEH CTaJMM SBOJIONUKA BCEIEHHON U SIBJISIFOTCS €CTECTBEHHBIMU KAHIUIATAME JIJIsT
onmcanusi Temuoit Marepuu. B coobmennn mpepoxkena mupornemypa moctpoenus llyamkape-KoBapHaHTHBIX
JIATPAHKEBbIX KyOWYHBIX BEPIIMH B3aUMOJEHCTBUA (paHee WM3BECTHBIX JIAIMIb B (OPMATIH3ME CBETOBOTO
KOHycCa) 6e3MaCCOBBIX HEIPHUBOJIUMBIX IMOJIEH BBICIINX HEJbIX U IOJIYIEIbIX CIIMHOB Ha IPOCTPAHCTBE-BPEMEHH
MuHKOBCKOrO IPOM3BOJIBLHOM pasMepHOCTH B paMKax 1oaxona bekku-Pios-Cropa-Tiotuna (BPCT) ¢ nenonnbiv
BPCT oneparopoMm. Paccmorpenme OCHOBaHO Ha JIArPDAHXKEBBIX (DOPMYJIMPDOBKAX BTOPOrO IOPSIIKA  JIJIsT
CBOOOJHBIX TOJTHOCTHIO CHUMMETPUYHBIX HEMPUBOJMMBIX TEH30PHBIX UM CIUH-TEH30PHBIX TMOJEll ¢ abe/leBbIMU
KaJUOPOBOYHBIMU CHUMMETPHUSIMHU, KOTOPbIE AePOPMUPYIOTCSI C COXPAaHEHWEM dYHCia (DU3MIECKUX CTEreHeH
¢cBOGOJIBI JI0 KYOMYIHO B3aMMOJEHCTBYIONIEH Teopun ¢ HeabesieBoil KanubpoBounoii ajrebpoii. Obimee Kybuanoe
B3auMoeficTBIe [ ToJteil cuupanbHocTeit n1 +1/2, na+1/2; s3, kak u B Crangapraoit Mojesn, conep:KuT nsa
Tura BepunH, gpisgomuxcs BPCT-3aMKHY TBIME peleHus MY IIPOU3BO/ISAIINX yPABHEHUI, Y/IOBIETBOPSIONIIMEI
ramMma-0ecciieIoBbIM, GECCIIEIOBBIM CBSI3SIM W CIIMHOBBIM YCJIOBUSIM.

Karoueswie caosa: nost Beicux crnuaoB, BPCT moaxon, ky6udHasi BepiinHa, Jarpanzkesa hbOpMyIAPOBKA.
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Higher-spin fields (for s > 2) are included into the spectrum of superstring theory, which describes gravitational
interaction at an early stage of the Universe evolution and seem to be by natural candidates for describing
Dark Matter. The note proposes a procedure for constructing Poincare-covariant Lagrangian cubic interaction
vertices (previously known only in the light-cone formalism) for massless irreducible fields of higher integer
and half-integer spins on Minkowski space-time of arbitrary dimension within the Becchi-Rouet-Stora-Tyutin
(BRST) approach with an incomplete BRST operator. The consideration is based on the second order Lagrangian
formulations for free totally-symmetric irreducible tensor and spin-tensor fields with Abelian gauge symmetries,
which are deformed with the preservation of the number of physical degrees of freedom to a cubically interacting
theory with non-Abelian gauge algebra. General cubic interaction for the fields with helicities n1 +1/2, no+1/2,
s3, as in the Standard Model, contains two types of vertices to be BRST closed solutions of the generating
equations, satisfying as well to gamma-traceless? traceless constraints and to the spin conditions.
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Introduction

Possibilities to formulate consistent quantum gravity make an interest to the higher spin (HS) field
theory more and more intense. Simultaneously, it may provide to discover both the physics beyond the
Standard Model, with help of new elementary particles of matter and carriers of higher spin interactions
and the massive HS fields appear by natural candidates to describe the problem of Dark Matter [1], [2],
within. e.g. modified gravity concept [3], [4], [5] (alternatively to models of vector and sterile neutrinos
[6]). These expectations are based on connection of HS fields with (Super(string Field Theory on constant
curvature spaces [7], operating with infinite sets of massive and massless fields of (half)integer spins (for
references and review see, e.g. [8], [9], [10]).

All these points are closely related with general problems in modern theoretical high-energy
physics consisting in the construction of interactions with HS fields within gauge-invariant Lagrangian
formulations as the most appropriate objects for quantization and calculating S-matrix elements.
Whereas the cubic and quartic vertices for various HS fields with integer spins have been studied by
many authors in the framework of different approaches (see, e.g., the papers for cubic [11], [12], [13],
[14], [15], [16], [17], [18], [19] and for quartic vertices [20]), this problem for interacting irreducible HS
fields with half-integer spins was considered only in terms of physical degrees of freedom in the light
cone formalism in [21].

The aim of the note is to find the general covariant Lagrangian cubic vertices for massless totally-
symmetric HS fields with half-integer (fermionic) and integer (bosonic) helicities in R*¢~1 within BRST
approach with incomplete (due to absence in it of the algebraic constraints) BRST operator elaborated
for bosonic in [22] and for fermionic HS fields in [23]. BRST approach presents the realization of the AKSZ
model [24] and was born due to BRST symmetry discovered in [25], [26] for the aims of Lagrangian [27]
and then for the canonical quantization [28], [29] of the dynamical systems subject to constraints. The
definitions and notations from [15], [16] are used for a metric tensor n,, = diag(+,—, ..., —), gamma-
matrices y*: {y*,v*} = 20" and €(F), ghy(F), (s)s, for the values of Grassmann parity and ghost
number of a quantity F, for the triple (nq + 1/2,n2 +1/2, s3).

1. Cubic vertices for constrained bosonic and fermionic higher-spin fields

Free massless particles with integer s and half-integer n + 1/2 helicities can be described with use
of R-valued totally symmetric tensor field ¢, . .. (%) = ¢,(s) and spin-tensor YA, .4, () = V) With
suppressed Dirac index A = 1, ..., 2192 subject to the respective wave equations equations

(auau’ a'ul? nuluz)(b,u(s) = 6 — (l07 lla l117go - d/2 - S)|¢> = (070707 S)|¢>a (1)

(700, ¥ )y =0 = (to, t1, 9% — d/2) ) = (0,0,n))[¢)). (2)

The vector |¢), (|¢) for half-integer spin) and the operators {lo, {1, l11,90}; ({to, l1, gg}) here are defined
in the Fock space H (H/) with the Grassmann-even oscillators a,, )}, ([a,,a}] = —nuw):

: . 1 1
|¢> = Z %QZ)H(S) Ha:z|0>7 (l07 lla lllvgo) = (8ual/7 _Zauaua ia’#a;u _i{a‘:v a'ﬂ})7 (3)
i=1

s>0
n n 1
|¢> = Z %wﬂ(n) HCLL‘O), (t07 t17gOf) = (Z;?Val/a alj’?l/a _é{al—i_’ aﬂ})_ (4)
n>0 i=1

In (4) it is introduced Grassmann-odd gamma-matrices [30], [23]: 7% = 9%, 7% = —1, {¥,7"} = 0 (to
provide fermionic character for tg, ¢1). The difference among two sets of operators above and vectors |¢)
(scalar), |¢) (Dirac spinor) is in the matrix-valued structure of the latter. The interacting Lagrangian

formulation (LF) within BRST approach with total: Q%t = (Z?Zl Q%fc-i-Q?)lQ[d/z] ), incomplete BRST
operator in cubic approximation is given with accuracy up to linear in deformation parameter g, for 3-
(3)

copies of massless HS fields: two fermionic w;(j()n-)’ i = 1,2, and one bosonic ‘%(53)7

including in respective
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vectors |¢p()) € 7—[?)7 #3)) € H®) of helicities (s)3, with own set of oscillators a,(j”) af ™ k= 1,2,3
(with conventions ng = s3 and [i + 3 ~ i])

S[(l])\i ZS(()\QC)M SS\SC[ (3)] + Jrg/ H dn(e)( e)|V 3) L+ h. C) (5)

6[1] |X(Z) Q%f0|A(i)>ni - / H dn(“re (n“'l <A(i+1) ‘"H—Q <X(i+2)’ + (1 Ans 2)) |‘7(3)>(s)37 (6)

S| x 8 e = QDA — g/ H an? (o (A0 oy (2] + (1 2)) [V )
e=1

(for (e, ghm)] £3),Qgc]:(1,1); (€, ghm)x®=(1 — 6x3,0); (¢, ghpr)A®) = (543, —1)). These relations
determine the irreducible gauge theory with non-Abelian gauge transformations (for SU(2) gauge group,
3 = 22 — 1) for the field vectors | X(k)>sk (including the sets of auxiliary fields into joint conﬁguration
space), with gauge parameters \A(’“)>Sk from total Hilbert space Hi% = H(Otl ;@ ’Htot for Hyor s f@

related to i-th copy of fermionic and ’Htoz for bosonic fields. They, in turn, depend on pairs of ghost

(i) (5 P, ) pI+. B+ p(k)

oscillators, Grassmann-even: ¢, , Po ; and Grassmann-odd: 7 h with non-

trivial commutation relations:

k k . k k
g, p$ = (), PSYy = i, (), PITY =1, for,  ghu (om0, i) = —ghu(py, Po, Pi) =

according to BRST approaches with incomplete nilpotent BRST operators (3) g?c [23]

QY = (nolo + 01l +m U1+ 7717’0) ; QF|C (qoto +nolo+my Ly +ml™ 1+l m — QS]PO)(i)~ (8)

Poincare irreducibility of the initial fields w(i) gyt = 1,2, and ¢(3) is provided by imposing off-shell
BRST-extended ~v-traceless ’7'1( 9 traceless £g1 constraints with respectlve spin constraints o) both
on the field vectors |x(®)), gauge parameters [A*)) and on the three-vectors of ’V( ) (s)s> |V (s)3
|V . The actions for free HS fields with s included in |[x*)),, = [¢®),, + O(n) in (5) and theirs
equatlons of motions, gauge transformations (6) (7) for g = 0, off-shell constraints have the form (with
respective inner products (1|x) = [ d?zy* (z)x(z) [23]), first, for o

1(s3)’
Syt / dng” o (10D NG e QPN ss = 0:001x 8 ) sy = QP |AL)., (9)
£ (W) 189)) = (172070 + PP ) (1), 149) ) =10, (10)

(b 1A9)) = (16 = P 1087} 0y 1+ 01087} 0y -2 1, PV IED )01 ) (1)

(for [ dno % = 8 (3>) then, in the second order approximation for spin-tensor fields 1/1( (no)

Séfcm (i)] = /dn((Ji)ni <X(i)|Qgrifc|X(i)>Sw Q%fc|X(i)>m = 0;60|X(i)>m’ = Q%fc|A(i)>nw (12)
T (1A ) = () — 78" = 24577 ) (IX9). |A©)) = 0, (13)
XV = [0, + PO (G 0y o1 = 050, —0), [ADY,, = POT @Y, 1, (14)

Each copy of fields and gauge parameters is the proper eigen vectors for the spin constraints with proper
spin numbers n;, s3 with incomplete spin operators ap ,k=1,2,3:

=2 (s

The three sets of operators {Q%‘)c,ﬂ(i),ﬂﬁ),agi)} for i = 1,2 and {Q 1 ) o } compose closed

A(k)>nk) =0, o®) = g(()k) n n%k)+731(k) _ ngk)fpl(k)Jr. (15)

superalgebras. Note, the triplet LFs for free HS fields (9), (12) are equ1valent for LFs with complete
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BRST operators for the same HS fields [23] and reduces after resolution of the off-shell constraints to
Fronsdal LF [31] for single field qﬁﬂ( 5) and for Fang-Fronsdal LF [32] for ¢Li()ni)'

The Noether identities for the cubic deformation of the fields (V)2 ¢()) of LF for the particles
(0,sk), k =1,2,3 in the first degree in deformation (coupling) constant

g BSiwy +01( TL SO + S PT) =0, (16)

transforms to the system of equations, which for z-local coinciding unknowns Ve =703 =y®
3
V)0, H 5D (& — 2,) VO H 0y, |0) = @}_,|0)°, (17)
has universal form
tot T( i) 3 (k) _ d—2 Ve 0 tot 18
1 11 y O¢ | >(S)3 ( nk Q Z QF|(' 2[d/2] ( )

Thus, the BRST- closed traceless and gamma-traceless vertex should be composed from
(k)+,771k)+ 731k)+ P(k), a% ,p((f), i=1,2 of spin (n; +1/2,n5 4+ 1/2, s3).
The solution of the equations (18) which covariantizes the light-cone cubic vertex [21] has two types

of the vertices (K-, and F-vertices) and are constructed from the Q%°* BRST-closed polynomials of the

first order (L)) in oscillators alr ,n*) and in momenta p&) = 0k and (Z) of the third order

(@ ) . Z and L™ provide respectively Yang-Mills type (according to

correspondence: L(l)w( (nl)wu(m ¢p(53) — @Ll()m i ”w((m)qbp(sg)) and gravitational type interactions

((according to: Zw( n1)¢((7bg)¢((53) @(1()711 ” pl/)u(n2 1)/%( (s3—1)p + cycle(1,2,3)) among the fields
and determined as

in oscillators and the first order in p

Lk — (ka+1) _ pg«+2)>a(k)u+ _ Z(P(kJrl) _ ,P(gk+2))n§k)+’ (19)
1
Z = LUPTLO) 1 eycle(1,2,3), LEFHDT = 5 (a<k>ﬂ+a<ﬁ1>+ — plREy T ) + (k «— k+ 120)

Peculiarity of the vertices with half-integer spin is in the presence of the BRST-closed extended Dirac
operator K2 and operator F

K12 _— :)’Mﬁf') Zq((]l) [7;(()3) _ 7;(()2) 37;(1)} + zq(()2) [P(()l%) . 7;((]1) 37;(2)}’ (21)
1
F = (L& - S[K02, T{9"] ), where (22)

fl(s)+ _ (172[(](()2) 1)+q(2) ()D7 a (3)+Z(p(1)+p(2))n§3)+727?f3)+( (1)Jr (2))

Thus, the parity-invariant solution (given by Figure 1) takes the form for cubic K-, and F-vertices
(0,n1 +1/2)

(0,m2 +1/2)
|V<3)>(n1,n2,53) = +

(0,53)

Fig. 1. Interaction vertex |V(3>>(S)3 for massless bosonic ¢1<13(>33) and two fermionic fields d)if()n) of helicities s3,

”

ni, © = 1,2. The terms in ” correspond to the auxiliary fields from |X<k)>sk before constraints resolution
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s+1 2
Vi@ = KO 37z L)1), 5 =3 ni 45 (28)
k=s—2Smin+1 =1 1

S

M(3
|V()>s)3:F Z

k=s—2(min(ny,n2,s3—1))—1 i=1

w\»-A

z) n;—0; 377 s—k) |0> (24)

’:]w

The vertices above are appropriate for cubic deformations of reducible Poincare group representations
with integer and half-integer helicities, whereas for irreducible representations one should to impose
additional traceless and gamma-traceless constraints (18) on the vertices [33]. Thus, the each vertex
contains k-parameter family of vertices with fixed value of derivatives. For the case of d = 4 the number
of different vertices is reduced. For s3 = $,,;n, there are two terms with k = s — 25,5, + 1;5+ 1 and
one with £k = s + 1 for s3 > S;uin in the K-vertex without any parity-invariant F-vertex. Whereas for
83 > Smn there is only one F-vertex with k = s — 25,,4,. Obtaining the interacting LF (5)—(7) in terms
of only initial (spin)-tensors is simply reduced to calculation of the oscillators pairings.

Conclusion

The procedure for BRST approach with incomplete BRST operator to consistently construct
covariant local cubic vertices for 3 copies of massless interacting HS fields: one with integer and two fields
with half-integer spins on ddimensional flat backgrounds with preservation the Poincare group irreps
for deformed gauge theory is developed. The parity invariant solution for the generating equations for
cubic vertices are firstly found in the covariant form. They contains two types of three-vectors as the
generating functions for the cubic vertex in the second order approximation for the LFs for fermionic
fields. Of course, not all the vertices among K- and F-vertices will survive under requirement of gauge
invariance of the cubically deformed LF in all orders in deformation constant g. For the spin s3 = 2
the obtained solutions open the door for study the interactions of HS matter particles with gravity in
covariant form. The problems to get covariant cubic vertices both for these kind of fields in the first-order
LFs for the fermionic fields and for massive interacting HS fields also compose the current task’s list.
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