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PaccmarpuBaercss MHOXKECTBO MeTpHK, IOJIydeHHOe Kak 0000IeHrne npocrpaHcTBa-BpeMenn Hpiomena-YHTH-
Tambypuno (HYT), u uccuemyercs 6e3maccoBasi 9acTHLA CO CIUHOM 1/2 Ha doHe 0606IIEHHOrO IPOCTPAHCTBA-
BpeMmeHu. B pamkax TerpajHOoro dpopmanausaMma mnosydeHo ypasuenue /lupaka na ¢done obobmennoro HYT-
IPOCTPAHCTBA U IIPOBEJIEHO pa3jiejieHre epeMeHHbIX. [JokazaHo, 9To yriioBble ypaBHEHUsI aHAJOTUYIHBI ypaBHe-
ausaM g ucxoguoit HY T-merpuku. Pagnanbuas cucrema cBoguTcs K omHOMY AuddepeHIinaabHOMy YPABHEHIIO
BTOPOTO MOPSKA, U JOIMYCKAeT pelreHne B TepmMuHax Gyukiuit ['oiina mpu crermuajsbHOM BbIOOpE 0000mIaoneit
GbYHKINT; IPU TAKOM BBIOODE, PEITeHnsT PaInaIbHbIX YPABHEHUIA TIOIyIeHbl B TEPMUHAX KOHMIIOOHTHBIX (PYHK-

muit [oitaa.

Kmoueswie crosa: ypaBuenne lupaka, obobiiennasi merpuka Hbiomena-yuru-TaMOypuHO, YacTUIA CO CIIMHOM

1/2, 6e3maccoBblit ciy4aii, ypasuenue Loitaa.
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Introduction

The aially symmetric metrics of the Taub-NUT type (so-called Euclidean Taub-NUT metrics) were
actively studied within grand unified theories as a monopole-like solutions [1]. In recent years, the original
NUT metric acquires a fresh interest because it has been shown that the black holes with NUT charge
can be considered as physically meaningful systems. In [2], the NUT charge effects has been assessed to
be tested in the spectra of quasars, supernovae, or active galactic nuclei.

The quantum-mechanical problem of particle in the background of black hole metrics is one of
the interesting problems for cosmology and quantum gravity. The Dirac equation has been studied on
the Kerr and Kerr-Newman spacetimes [3,4]. It should be noted that solutions of quantum-mechanical
problems in the background of black hole spacetimes have been obtained in terms of confluent Heun
function [3-5|, this form is convenient as it allows to study the resonant frequencies (quasispectrum),
the Hawking radiation and the scattering process of scalar waves [5]. In [6], we found solutions of the
Dirac equation for the massless particle in NUT background. The generalization of the Euclidean Taub-
NUT metric has been proposed by Iwai and Katayama in [7,8]. They have demonstrated that the
generalization accomplishes non-trivial properties.

In this study we generalize the NUT-metric preserving its angular symmetry, study the Dirac
equation in such axially symmetric background and derive the type of generalization that admits the

radial solutions for massless particle in terms of confluent Heun functions.
1. Dirac equation in generalized NUT space-time

Let consider some generalization of the original NUT metric determined by the following line

element )
0 dr? p?
2=9 — 2asin® = - ——
ds (dt asin 2d¢ > o)

(d6? + sin® 0d¢?) (1)

A
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Q(r) is an arbitrary function of radial coordinate 7.
The metric tensor is

o 0 0 2a®(1 — cosh)
0 -3 0 0 )
Gap = _r2+a2 .
! ! ¢ ! (a2+r2) sin2 6
2a®(1 —cosh) 0 0 16a2® sin* g -

‘We chose the tetrad

Ve 0 0 4ay/®sin? g
0 = 0 0
e(a)a(x) = 0 \65 P 0 (3)
Vv
0 0 0 % sin 6
so that the relations
Jas = 1"€(@)a(t)p
hold true.
The tetrad with upper coordinate index is given as
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- tan 5 0 0 ~osin®
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In order to calculate the Ricci rotation coefficients, we apply the known formulas [9]

Oe(a _ e

1 a
Yabe = 7(>\abc + )\bca - )\cab)a /\abc - ( 8&?5 Oz )e(b)e(ﬁc). (5)

2

The Ricci rotation coefficients have the following explicit form
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Taking in mind the above relations, we can specify the Dirac covariant equation (M designates the
mass of the particle)

- a o 0 1 mn _
|:7/y (e(a)azo‘ + 50’ ’Ymna> M:| \I/ = O7 (6)

in the generalized NUT space it takes the form:
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We assume the following form of the Dirac matrices
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From (7), we derive equations in 2-spinor form
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where we apply the notations 9, =, a. Searching two spinors in the form
€= Afl/zlp:r1/2€7z'eitez'm<;b)((,r7 ), y= Af1/4[):1/267iet&eimqﬁy(r7 9),

with p; =r+ia, p_ =r —ia, we get
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In the above equations, the variables can be separated within the substitutions

= Ri(r)T1(0), Xo= Ra(r)T2(0), Y1 = Ra(r)T1(0), Ya= Ra(r)T2(0);

then we get the radial system

ep?
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and the angular equations

dT1 1 m o
do (m B @ ~ 2actan 7)T1 —ATL =0,
dT2 1 o
df (m tsno sm@ +2actan g )T2 A =0,

where A is a separation constant.

(13)

The angular equation system is the same as for ordinary NUT space and has been solved previously

in [6,10]. Because of that, in the following we will study the radial equations only.
2. Radial equations, the massless case

In massless case, equations (12) simplify, being divided in two unlinked subsystems
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We readily find the 2nd order equations for separate functions (further we utilize the dimensionless
quantities, z = er, a = €a)
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We search solutions in the form
Ry =27,]V, V = (z —ia)*(z +ia)’ (x — 21)" (x — 22)7 e,
where x1, zo are the roots of equation
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The substitution gives the equation for Z; as follows
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Here the explicit form of coefficients A, B,C, D, E, F,G,H, K are determined by the choose of the
function © and can be expressed from equation (18). We will search such functions Q which give the
solution in Heun functions. So, they should be regular at singular points of black hole horizon x1, zs.
Because of that, we search the function €2 in the form

Q= (z—ia)*(x+ia)"(x —x1)%(x — 22)°.
With this substitution the coefficient at Z; takes the form

1-4a—-32 1+48+3v 1-4y-3¢ 1—-40—3s

2w+ 2(x — ia) 2(z +ia) 2(x — x1) 2(x — x2)
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We need to take the exponents z,v,q,s and «, 3,7,0 in such a way to terms with the multipliers
(x £ ia)~! vanish, as well as B,C, F,G, H, K in equation (21) also should vanish.

At z = v = ¢ = s = 0 the metric reduces to original NUT solution. Applying a = 1/2, 8 = —1/2,
w = %1, v and o are determined by equations:

2P 4y -z +207 =0 = =iz, 2 =—1/2—ix,

202 + 0 —ixe +225 =0 = o =iz, 0y = —1/2 —ixy;
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we get the equation (21) in the form

1—4y 1—4o
+
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1
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Z1:0;

its general solution can be expressed in terms of confluent Heun functions [6].

The choice for v # 0, z # 0 does not allow to remove coeflicients B,C, F,G in equation (21).
Appropriate choices, which allow to obtain the solution in the confluent Heun functions were found at
v=2=0,g=5=1(Q=A)and ¢ =s5=—1 (2 = A~1). However, only the first case gives appropriate
solution at all separation parameter A. This choice gives the equation (21) in the form
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Applying the variable
- Xr — X9
- Ty —
we get the equation of confluent Heun type:
" 142y 1420\,, B+Cy
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where
A=i(z1—x2) (a+2w), C=-2i(zr1—x2)(a(y+o+1)+2w(v+0+1)+4iM),
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Solution of this equation is

71 = c;HeunC {—B ¢
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Conclusion

We consider a set of the metrics derived as a generalization of NUT spacetime. We have derived the
Dirac equation on the background of the generalized metric with NUT parameter, have performed the
variable separation, and have found the systems for angular and radial components. We demonstrate
that the angular equations preserve the form of the equations for the original NUT metric, this fact
evidences the preserving of angular symmetry of the original NUT metric.

We have studied the radial equations in the case of massless particle and have found the special
choice of the generalized NUT metric in such a way to solve the radial equations in terms of confluent

Heun functions.
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